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 Anclogues For Arithmetical Functions

 of the Elementary Transcendental Functions

 by E. T. BELL

 Combinatorial analysis has been used' to obtain identities for the
 kind of numerical functions (such as the sumi and the n1umber of divisors
 of an integer) which arise directly from the fundamental theoremn of
 arithmetic for the rational integers, and which are independent of order

 (greater, less) relations. It seems more natural, however, to proceed in

 the opposite direction, from theorems in a fully developed algebra2 of
 numerical functions to their unique correspondents in an algebra of

 distribution functions. Each theorem in the first algebra then implies
 and is implied by a unique combinatorial correspondent in the second.
 Before the relevant isomorphism can be established, it is necessary to

 recall (Section 1) certain details of the algebra of numerical functions

 mentioned, and then (Section 2), in that algebra, to define analogues of
 the exponential and logarithmic functions, and to show that these ftunc-
 tions satisfy the same defining equations as those for the corresponding

 analytic functions, although the interpretations of the functions are
 basically different. This will be done in the present paper; a sequel will
 give the applications to comnbinatorial analysis. Section 3 contains simple
 examples of some of the general results in Section 2.

 1. Addition, multiplication of numerical functitons. There are many
 ways of defining the rational operations for numerical functions so that
 commutative groups, rings, fields result. The wav chosen is one of the
 sim plest.

 (1. 1) If for all (finite) positive integer values n of x, f (x) is

 (a) uniform (single-valued),

 (b) a finite (real or complex) nuinber,

 f(x) is a numerical function of x. We shall write f for f(x), anld call f a
 nu merical function.

 (1. 2) If f is a nurmerical function such that f(1) $ 0, f is regular;
 if f(1) 0 O, f is irregular.

 (1.3) If f is regular, we shall take f(1) = 1, provided f(1) is not
 otherwise defined. For example, the arithmetical defi-
 niition of Mobitis' ,u includes the convention t(1) = 1.
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 (1.4) If f, g ar-e numerical functionlIs SUChl that

 f (n) = g(n), n = 1,2,3,

 this is wvritten f = g, aindl f, o a. e (lefinecl to be equal.
 Obviously this equality has all the cuIstomnar-y postulated properties

 of abstract eqtuality.

 (1 .5) The uinit numierical functions -q is clefined by

 77(l) =1f, ?1(n) = O, nl = 2,3,4,.

 and the zero numerical fulIction co by

 co(n) = O, n= 1,2,3,

 (1.6) The s?nm Ii of the numner-ical functionsf, g is clefinecl by

 hI(n) =f (n) + g (n), i1 = 1 ,2,3,.

 anicl this is writtte n h =f + g.

 (1.7) If c is a real or comiplex number, anc f, g are num.erical func-
 tionls suchi that

 cf(n) =g(n), it = 1,2,3,

 then, Dv (1.4), cf=g. In the same way fc is clefinecl, ancl cf=fc, either

 of rhich is the scalar product of c, f; also cl(c2f) = (clc2)f, where cl, C2 are
 scalars (real or complex numbers).

 (1.8) 1ff I, ,h ar-e nuimerical functionis such1 that

 E f('1)g(n2) = hI(n), i = 1,2,3,.

 rhere the suIml refers to all pairs (ni, n2) of positive integers i1l, n2 such

 that n11n2= n, h is the product (uinqualifiecl) off, g anid this is writtenfg = h.
 Evidently, -f=f.

 (1.9) Froml- (1.8) it follors that iff(1, f (t) are nLumnerical funic-
 tions, J'(l) .J(ft) = h is equivalent to

 E f(l) (n 1) ... .f(t) (itt) h h(n), 71 = 1,2,3,

 th q suilim ation referrinig to all (n1, , n t) where ni, n t a-e posit ive
 iiitegers suclh that nj. i t= n.

 (1.10) Theorem.3 Iff is regular- (as clefined in (1.3)), there is a

 unique numer-ical function !v, also regular, sUclh that fg = N, where 'q is as
 in (1 . 5). We rrite g f'_ /f and c8ll f- the reciprocal of f.

 If in (1 .9), f() = . . =f (t)=f, wNre rrite h=ft, an-d clefine f0=-. The
 reciprocal of ft is (fl) t, which will be wNritten f-t, or lft; (f-) t= (Jt)-l;
 ftf-t= n =fO
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 (1 11) Theoremit. (a) The set of all regular num.erical functions
 defined in (1 1) is a commutative group under multiplication as in

 (1.8); the identity of the group is q. (b) For addition as in (1.6) the
 set of all scalar products as defined in (1. 7) is a commutative group with

 the identity co as in (l .5). (c) The set of all scalar products as in (1 7)
 is commutative ring under multiplication, as in (1.8) and addition as
 in ( 1.1) (b).

 The G. C. D. of the integers in, n, is denoted as usual by (m, n). If

 mi, n are coprime, (in, n) = 1.

 If the numerical function f is such that

 f(rnni) =f(n) f(n)

 for all positive integers, m, in such that (m, n) = 1, f is calledfactorable.

 (The term mutltiplicative has also been used, but is of considerably later

 origin.) I t follows fromu the definition th at f (1) = 1 if f is factorable.

 (1.12) Theoremn. The set of all factorable numerical functions is a
 subgroup under multiplication as defined in (1 .8) of the group in (1. I)
 (a).

 (1.13) In connection with the algebra summarized in (1. 11),

 (1. 12), another type of product frequently occurs, the absolute produtct

 fg I of f, g, defined by

 Ifg I (v) =fQ() g(n), n= I,2,3,

 A further type of multiplication is imminediately suggested when the
 foregoing algebra is tentatively extended to infinite processes with

 addition and multiplication as (l .). For examnple, if v is defined by

 t(n) = , n= 1,2,3,. , and f by

 f (n) _=(v/l +P/2+P3/3+H (n])

 thisf violates (b) in (1. 1), and therefore is not a numerical function. A

 satisfactory supplementary type of multiplication presents itself in the
 actual applications of the algebra to com.binatocial analysis. This will

 be defined next. Although not the only one possible, it appears to be
 the simplest.

 2. Restricted multiplication.4 With X as in (1.5), t a non-negative
 integer, and f (1) = 1, the function ft is defined by

 fo =; f1=(f-W)t ft(1)=0, 1>0.

 It follows that

 .fA 1 A= 1 f0(' = n 41s1>* E >fo f? = M
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 and for integers t > 0, nt > 1,

 f t(n)= f(,ni) * f(n t) = 1 ) -1tCjlf- 8 (n),
 8=0

 where E refers to all (n1, , nZ) such that n=nI. ti, 1> 1,* *, > 1;
 ft, ft '- I , f? are powers as iln (1. 10); tCs is the coefficient of xS in (1+x) 1.

 For an8obvious reason, f, is called the restricted tth power of f, in contrast
 to ft, which is unrestricted. If c is a scalar (real or complex number),

 the scalar product c(f- q)t, and hence cf,, is defined, from (1.7); and
 c2(c2ft) = CIC2fl.

 An equality of the form

 g=cofo+CJfi+C2f2+

 where co, c1, c2, are scalars, means

 g(n) cofo(n) +c3fj(n-) +c2f2(n7) + , * n = 1,2,3,

 Since for each it there is a least integer t(n) _t> 0 such that fr(n) =0,
 r>t (from the definition off,), the foregoing equalities may be written

 co co

 g=~ c .~f,, g(nl) K j. " ,(n), n.= 1,2,3,
 V= 0 80

 'The convenient use of co as the upper limiit of the suLmm1iiationis canl be
 circumvented, if desired, by replacing co by N, where N is an integer
 equal to the greatest of the integers it occurrinig in a given set of formulas
 involving restricted powers. Either usage amounts to asserting the
 formulas for arbitrary positive integers. It is important only to note
 that, for any integer n>O, g, g(n) as above defined are finite series, and
 hence that these satisfy (1 . 1) (b).

 (2.1) Theorem. If t is a positive, zero, or negative integer, and
 f(1)=-1,

 ft=. 1C8f8,
 s=0

 where ,C, is the coefficient of x 8 in (1 +x) (Forf', t <0, see (1. 10)).
 This may be proved from the definitions, -and likewise for further

 theorems in this section. But as the proofs of all are immediate by the
 method of generators,5 proofs from the definitions need not be given.
 The restriction f(1) = 1 is inessential; f(l) $0 suffices, that is, f is regular.

 (2 . 2) Theorem. With f(l) =1, and fr f the product of fT, fs as de-
 fiied in (1.8).

 co co

 J ]jCr - ICsfrfs= 17.
 r=0 8=0
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 (2.3) 1ff is any numerical fulCtiOll SuICI thatf(l) = 1, the funllCtiOlnS

 (I,), (Ef), or simply, Lf, Ef, are (defie(d l)by

 CC (-1) s-I

 Lf( 17) - f,(3Q), n = 1,2,3,
 s=I S

 Lf (ui) f- fs(n), 'n = 1,2,.3,
 s=o 0S

 V 1 icil e uieC C(nLli Vl11C t t es VCctily, t o

 s= 1~ ~ s L" s=o E fS

 Thc first is the aaloguLe of 1og(1 +X), j Xj < 1; th1e Secon1d, of Ce,
 y< c. For any initeger 7i the sciries termiinate after a finiite of terms
 (depending on1 nt). Lf is a new fuLIctioll, (Lf), (lerive( fromf as indicated
 and simuilarly for Ef. These beinig thelmCSCelVCS nlumerical fntICtiOlnS,
 (E(Lf)), (L(Ef) ) are derived fromn (Lf), (Ef). The (louible parentheses
 ma! be dlroppe)IeC

 ( ) 1 rn ( l
 fJ=Z -S (Ijf)s L,f= (Ef)S.

 S= o S s=I S

 (2. 4) he'horeni. (X,f)j= (IEf)(1) = 1;

 (Lf) o(1) = 1; (Lf) (1) =(Lf)( 1) = O.

 Thtese follow- fromi.: f(1) = 1 (assumed); fo= tq fo(1) = -(1)=
 fo(n) = -q(n) = 0, 7i > 1; the definition of gs for any nIlUmerical fLlIlCtiOll glI
 and the (lefiniitionis of Lf, Ef.

 (2. 5) Theorem. ELf =Lf =f

 LEfJ(1) =ELf(1) = 1 [=f()].

 lo VerI'if the last two:

 (L(J'))()= L , ( - (Ef) (1),

 = (Lf) 1(1) + (fJ)2(1)+

 atnid onlvy the fir-st telrllm survives, (Ef)1(1) = 1.

 (E(Lf))(i)=L 0 + (1),
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 and again only tlhe first term suirvives, (Lf)o(1) = 1.

 (2.6) Theorem. Iff(1) =g(1) = 1, andf+g,fg are as in (1.6), (1.8),

 E(f +g) = Ef Eg, L(fg) = Lf+Lg,
 where Ef Eg is a product as in (1. 8), and Lf+Lg a sum as in (1. 6).

 (2.7) Theorem. Iff(1)=g(1)= =k(1)=1, and a, b, , I are
 (positive, zero, or negative) integers.

 E(af+bg+. +lk) =Eaf Ebug Elk,

 L(fagb. k1) = aLf+b.Lg+ . + ILk,

 in the first of which af, are scalar products as in (1.7), an-d in the

 second, fa,. are powers as in (1.9), and aLf, scalar products. This

 includes (2.6), but is readily derived from it.

 By (1. 11), -qf=f, co+f=f. It is easily seen from the definitions
 that Lj = O, Eco= q. Th us, from the above,

 L-jf = Lr +Lf=Lf, E(w+f) =E(co)Ef=Ef,

 as should be so if the analogies are exact.

 (2.71) If f@-}; j 1, , s are num-ierical ftunctions such that

 f(i)(1)=1, the restricted produtct (f() f(S)) of f(), ,f(') is defined by

 (f(i) .f (S)) (1i) = Z f i'(l(.l) . . .f(8)(n,8), i. = 12,3,

 where the summation refers to all (ni, , is8) stuch that it ni1t ,,
 where ni, , Ins are integers > 1.

 (2. 8) Theorem4

 TV(1 .f (0) = [P() -r ]q I I f(-,,) _, 1

 where the product on the right is to be distributed anld interpreted as in

 For example, since I= == ,

 (fg) =fg - (f+g) > + m,

 (fgh) =fgh - (fg+fh +gh) r + (f+g+h)q - q,

 and so on.

 (2.9) Theoremi

 U(Dtl ..f .(8)) (g (1) ... ,g(t)) (f(l *. * TfsV O.1 * * (t))

 the product on the left being as in (1.8), and similarly, by (1.9), for a
 product of any number of restricted products.

 This is evident fromn (2.8).
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 3. A nalogues Jor the circutlar futctionts. I f Sf, Cf are defined by

 SJ(> - ('2+.I) ! J'2-I ('17),
 Sf(n) ~ ( )f-, Z1

 (2sj-1)!

 Cf(n)2  C *J=}I (- 2s)! -.())

 anici if (Sf)-, (Caf) are sqLiares as (lefinedl in (1.9), thienI

 (SJ) 2+ (CJ) 2'= -q.

 TIhuls SJ, Cf are anialogues of sinl, cos. Ihle additioni theoremils, etc., for
 the circuLlar fulnctionIs have the exp)Ccted aiialOgueCS. For exanmlple,
 if Ih=f+g,

 S/h = Sf Cg+ Cf Sg, Cl = Cf Cg - Sf Sg,

 whIee Sf Sg, etc., are products as defined in (1.8). TIhe remaining circuL-

 lar futnctionis also have corresp)onding ainalog(ues.
 To ol.btain the aaniloguCes of log(l +x), ez, siin x, cos x, wec rep)lace x

 by f in the resp)ective Maclautrin series for thlese, andcl rep)lace fs in the

 reSults by J5, noting that f0= fo= -q. The scalar 1 is replaced l)y tj. If
 Ff is anIy one of these analogLiues, Ff(n) tCerminiatCes after a fiinite numlb)er
 of terim.s. If mn is a real or comp)lex nuLm11ber, miif is a scalar prordUct as

 in (1.7), aind( (mf)s is the scalar Iproduct mJvj9:

 (-1) SI 2 ' -1 (-1 ) Sr 2
 Snif=Z - -f)f 2 C =Z ,

 S= o (2s+1I)! -S=O (2s)!

 4. Examples. A few of the simnpjlest well kinowni funictioils will
 suffice to illustrate sonme of the preceding genieral thieoreimis. TIlhe fulnc-
 tiolns P, T were utsed (in aniotlier inotatioin) by Sylvester;6 X, ,u, 0 were
 iintroduced by LioLuville, Mobiius, aindc Dirichlet, resp)ectively; K is LiOLt-

 ville's; a, r, c are Euler's; E is IKronecker's delta in a notatioin adaplted.
 to its present ulse; v is imlplicit in Liouville's and Dedekind's inversion
 foriula. lE acih of these fulctionls cai b)e essenitially geilelealized ill m11lany

 ways. Thre Product aind SuLIml in what follows refer to i = 1, P(n1);

 11=11 l'l'i, 71>I, tj>O,
 is the decomposition of the posit ive iinteger n iInto a product of p)owers
 of distilict p)ositive prinmies pi, so thlait P(n) is thie numbler of distinlct
 positive primie divisors of ni. By conivenitioni, P(1) = 0. The defiinitioils
 of the reimaiining functiolis follow:

 1 (77) = tj,; 7 (I) =O0.
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 u(n) =(-I)P("") if J1 tJ = 1, or if n = 1, =O if t1>i>

 0(n) = 2P(V), the total num-ber of decompositions of n into a product of
 two coprime positive factors; 0(1) = 1.

 (n)==I, n1>1.

 K(n) = 1 or 0 according as n is or is not the square of a positive integer.

 4(n)=nII (1-pv1), the totient of n; 4(1)=1.

 0(n1) = jj (I-p'iA-w1)/(-Pi); v(1) = 1,
 the sum of the positive divisors of n.

 7-(n) = II (ti+ 1),

 the number of positive divisors of n; r(l) = 1.

 it(n) = n, n > 1.

 In the formulas below, p is a positive prime, and fl is a reciprocal

 as in (1. 10). The following relations are immediate isomorphs, by the
 method generators, of trivial algebraic identities, such as

 0= ~~S- A-1 = =T _X-1-X
 =T -1=-12 S-=L41, =XJI', oU1A-1,

 Also from the same source,

 Ly (n) = -E(n,fps)/s,

 and the L functions of the remaining numerical functions are simply
 expressible in terms of L,u:

 LX(n) (- 1) 81L1t(n), Lu(n) = -.nLyt(n).

 From the above relations, such as 0= X1r1, the L functions of 0,
 are written down by (2.1) from those already derived. For example,

 LO=-(LX+Ly); L0(n) = [(-1)5-1]Li(n)

 whence, LO(n) =2E(n,p2s+l)/(2s+1). Similarly for the others.

 As an example of f, (as in Section 2), t(n) is the total number of
 decompositions of n(> 1) into a product of t integers each > 1; vt(l) = 0;
 and from >=,-1,

 L (n) =-Ly(n) E(n,p8)/s.

 Again, if t is a positive integer, it is seen from the generator of v that

 tt t.ctii
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 with C as in (2. 1). Hence, by (2. 1),

 5, tC3vt=-H-tCti.
 8=0

 The numerical functions in this paper are functions of one variable.
 The combinatorial equivalent of the algebra of these functions refers to

 distributions into any given number of compartments which, without
 loss of generality, may be placed in a single row (or column) of a rectangu-

 lar checkerboard. The theory of numerical functions of any finite
 number7 of variables concerns distributions into all the compartments
 of the board.
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On a Property of the Laplacian of a Function 
in a Two Dimensional Bounded Domain, 
When the First Derivatives of the Function 

Vanish at the Boundary 
J. IKANtrpii Din FERIE'T 

Let us conisider, in the plane oxv, a bounded domaiin D, hiaving forI 
b)olinldary a regular* closed curve B 

yL 

O~~~~~~~2 D 

10 ~~~~~~~x 

We shall note l)y (C), (R), (II) an(d (L) the fouir following ftinc- 
t-ional slpaces: 

(C) is the space of all functionsf(x,y) conitinutouis in D; 
(R) is the space of all fuInctionsf(x,Y) regular in D, that is: 

)f, af -re continulouis in DO B 
a -f , x -f 

Ox- d Oy d 2 are continutiotus in D 

(II) is the space of all functionsf(x,y) harmonic in D, that is 

a) f is iegular in D 

,) f satisfies in D the Lapklace equiation: 

(2f (3-f 
(X- 2- + - 

,y 2 =n 

*X\?hat wve mean here hy reguilar cutrzve is only that B fuilfills the con(litions requiire(d 
for the use of the Greeni form-luli. 
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It is o)vious that (II) is a SUb)Sp)acc of (R), and (R) a subsp)ace of (C); 
(C) being itself a subspace of ani Hilbertiani r-eal space, werc cani assumei 
the orclinary definition for the scalar pI-oduct of twNo functiolns f(x,y), 
g(x,y) beloniginig to (C): 

(fg)= f f(X,Y) ,(X,y')dG- 

and call f anid - orthogonial if: 

(f,g) = 0. 

As usuial tw\ro subspaces are said to be ot-thogonal if each elemnent f of 
the first subspace is orthogonal to each leirnent g of the second subspace. 

If we call (L) the subspace of (C) orthogonal to (I) it is ob- 
vious that the two subspaces (H) and (L) have only oine comimloii cle- 
iieit, the niull-funictioni: f(x,y) = O. 

Theorem I. If: 

a) '(xj,) belongs to (R) 

b)) i,t'=constant on1 B 

c) = o0t B 
tAle11~~~~~~~~~(1 

thent 

cl) the Laplacian* &(x,y) of I(x,y): 

belongs to (L). 

T1/heorem II. If: 

a) i/(x,y) belonigs lo (R) 

ii) i'=coiistant o01 B 

dI) the Laplaclian of ' beloings to (L) 

thent 

c) =0 oi B. 

I n othier wvords: assumring tlt/a Ihe cond(litionzs a) and b) are futljilled 
the two statementts c) and d) are equivalent. 

*We introduce here the nutmierical factor -2. to atdopt the conventions of Fluid 
MIechan ics. 
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Before proving theorems I and I [ let us make two remarks: 

1) the statement b) + c) is equivalent to b') 

--=O =Oo011B 
Ox OyA 

2) the statement a) iimplies that v belongs to (C). 

The proof of theoremn I is quite easy; let us start with the Green 
forcmula for two functions f and g belonging to (R); 

|(fAg -,Af)du-|fd ds; 
D L 

let us apply it to: 

f(x,Vy) ==Vx,y) g(x,y) =v(x,y), 

t/ belonging to (R) and V to (H); we get: 

VA|T/d= o- (dV_V d ds 
D bd 

On account of b): 

f 01/ f OT'd l= 
IV' ds=VI Oidsds O 
JB JB 

(by a classical property of every function V of (H)) ;and on account of c): 

I V-- 
0 

ds=O 
J B 

Thus we get for every funlction V of (H) 

I V(x,y) -(xv,y)do = ( V,-) = 0. 

In order to prove theorem II, let us consider-the Poisson equation: 

A\{= -2S- 

P belonging to (L); if we assume only that v belongs to (C) the solution V' 
of this equation belonging to (R) and fulfilling condition a) is given by 
the well known formula: 
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1~~~~~ 

log-(x )- U(x,y),,,xv(,y()do +k 
7r 1 

k beting tilt colltistit valLilt of A oii B 

G; beiiig tilt Gr een fUtiictioti: 

G(A(. p, x- ,t)(t) = log,+ U (. \11 )p,.V(>, V()) 

wrhere U belongs to (H) as funictioni either of (x,y,,,) or of (xQ(,y). 
T hus accorclinig to d): 

~(A-(y() U(p,\ tp,XVY(d)J = () 

for every poinit P in D+B. 
WAith our assumptions a), b) aind d) were get theIn: 

(x P, 3(x,y0)log- doJ+k. 
Ii) r 

We cani thius express the derivatives of ' by: 

/,(X X)- I S(AQ,O() (la 

.1!) 

)St '(X^t),y,])) = - | _ _X ' (10. 

If the point P is oni B A() and 5( ,-7' belonig to (H) conisidered 

as functionis of (XQ,y)); theni oIn accotuit of cl) the two initegrals are 
e(lual to 0 and wNre get: 

b')) -o =O B. 

Having notedl that 1') is e(luivalenit to 1))+c), we have tlhus p)roved 
that c) is true. 

Thle statemenit b) being thuts incluclecl in the final result b') o)ne 
Imight perlaps ask if it is not possible to suppress b) in the hypothesis 
of theorem II ancl to replace it by the mlore general assumptioin: 1'(xj,y) 
is coIntinuous oIn B. 
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In fact the SOlutiOll of tIlh Poissoni e(uLiation b)elonging to (R) is niowv 
given by: 

4( VP" P) I (G1Yo,Y)G(X,)XVt)bA^tY)b)e) do-+ TV(x^P,Yts,) 
7r1 

T1 b)eing the fulIctionl (uliique) belonging to (II) and tcAking the samie 

valuLes as VI onI the l)oundary: 

A', V) = IV (t ,Vy) on B; 
our dem.onstration pro\ves only thiat: 

(91/ (9JJJ (3 ____ 

(9_ =( ,X = - ()11J3; .OX\ oxY *y *o,Y 

if wve do Inot assUime b) wve can inot prove h'). 
It seems to ime that the translatioIn of theorem.s I and( II in the 

lainguage of Fluid Mechauiics is worthw-hile. Let uis coInsider the twvo 
diimensional flow of ain incomIpressible fluicl in the bounded dom.ain D; 

let 4,(x,v,t)* be the stream function; thien the first (derivatixves of ' give 
tile components it anid v of the velocity: 

the Laplacian S of ' is the vorticily 

T'heoremz I'. If at a given tinie t t1ie st/real) function 4(xj,yt) belongs 
to (R) and if the velocity vaniislhes alon0g the bo-untidary 13, then the vort-cily y 
is orthogonal to every fucitiont V b7 elonging to (II) 

I?`- = 0. 

Y'heorem. II'. 1f 'at a given time I tI/e stream function V.(x,y,t) belongs 
ro (R), if thle boutndary B is a streami linet and if the zvorticity is orthlogonal 
to every function V belonging to (II), then thle velocity zvanlishes along thle 
bouniidary B. 

Somie conlsequclnccs of theoreim F' give results, solime of whichi are 
already kniowni l)ut others seeimi iiewv to m11e; for ilistalice wve can take for 
the harmonic functioni V: 

I, y, V 2 
-'y2, Xy' 

*\\Ve do not assume that the flowN? is permanent; in general V/ is dependent on the 
time; but all our comlputations being made at the samle time t; t (loes not play a role in 
our results; it is only an auxiliary paramiieter in all the formulas. 

tlt mieanis: '=constant on B; the velocity is tangent to B. 
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theni we get for the vorticity ? the following properties: 

Ado = 0, f xado=0, | yPdo =0; 

fx2v(d= f v 2(do; f xyP(d = O 

wlhiclh have ol)viouLs imfechaniical signiificance. All these equationis are 
p)rticular cases of the followiing prop)ositioll; let us call1 the moments of 
S (A,v) of order j+k, the inttegral: 

u j, Z = | k. d la. j,k iintegers ) 0; 

then there exist always two linear equationis between the momenits of a 
givein orIcler m>O: 

m 1).2 I.Lm-2,2 m(m - 1)(m. -3)(nm. -4) 
p/llsO- 1 2 8Pm-2i2 + ... 1-4' '=0 ("-1. 2 .)1.2.3.4 

poe- (n2( 
- -3) 

3+ =0 gMitt2 2. 3 _3) 

as it is easily seenl by taking for V the most general harmon ic polynomial. 
The theoreins I' ancl I' are entirely independent of the physical 

properties of the incompressible fluid; they cleal only with stream func- 
tiol, velocity, vorticity ancl not.s with mechanical properties (perfect or 
viscous fluicl . . . But, of course if one has to solve a particular 
problem. in Fluicl Mechaniics, for instanice if one has to integrate the 
Navier-Stokes ecluationis for a viscous fluicl, the solutions muLst certainly 
satisfy our theoreimis. It is perhaps worth wlhile to make this obvious 
remark, because, in ordler to fincl solmle particular classes of solutions, 
one has ofteni miiacle assuLmp6tions, consisting in. tlle introcluctionl in the 
comIpltations, miore or less arbitrarily, of a kincl of 'elemenitary' func- 
tionis (Bessel funictionis and so oni). ThuLs it is important to note that 
theorem I' shows that lharmonic fuLnctionis are quite inaclequate to rep- 
resenit the vorticity, wheni the velocity vanishes at the boundary of the 
clomaini. 

The University of Lille (Franlce) 
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Functional Analysis in Topological 
Group Spcaces* 

by A. D. MICHAT 

Introdutction. The enormous activity in abstract groups on the 
one hand and general topology on the other has in recent years crystal- 
lized into a fruitful attitude whose main thesis is that the groups that 
occur frequently in analysis are, for the most part, those that can sup- 
port a topology with respect to which the group functions xy and x-1 
are continuous. Such groups are now called topological group spaces 
or briefly topological groups. Linear topological spaces, Banach spaces 
and Hilbert spaces are special topological abelian groups. 

The classical theory of functionals, associated with such eminent 
names as Evans, Frechet, Gateaux, Hadamnard, F. Riesz and Volterra, 
can be seen in the light of modern investigations as a theory of func- 
tions whose arguments and values lie in a handful of special topological 
groups-function spaces of numerical continuous functions, of differ- 
entiable functions, and of the Lebesgue classes L and L2. The main 
topics of the classical theory of functionals are (1) functional poly- 
nomials and functional power series expansions; (2) differential calculus 
of functionals; (3) functional differential equations with functionals 
as unknowns; (4) functional differential equations with numerical func- 
tions as unknown and numerous other types of linear and non linear 
ftunctional equations. 

By functional analysis in topological group spaces we shall under- 
stand the subject matter corresponding to topics (I)-(4) just men- 
tioned. Now the theory of linear functions in Hilbert space and Banach 
space (see Stone's "Linear Transformations in Hilbert Space" and Banach's 

*Address delivered by invitation at the Stanford Fiftieth Anniversary Mathemati- 
cal Symposium, August, 1941. 

Note added January, 19.17. This address was written in the summer of 1941. 
Since then, many mathematicians have urged the author to make this bibliographical 
exposition available in print. The author is glad to comply with this request. In 
spite of the war, many papers were puiblished since 1941 on topological groups and 
functional analysis-the reader is referred to the reviews given in the review journial 
''Mathematical Reviews' under the headings of "Functional Analysis," ''Groups" 
and ''Topology. " Subjects like ''normed linear rings" have grown since 1941 into good 
sized mathematical domains. Several young mathematicians who are not even men- 
tioned in the present paper have taken their place in the mathematical world and have 
published excellent papers on our subject since 1941. It is hoped that a supplementary 
bibliographical exposition will be written in the near future to cover the papers pub- 
lished since 1941. 

http://www.jstor.org/page/info/about/policies/terms.jsp


1 UNCTIONA.\ ANALYSIS IN O)POIOGICAL G)i( ROUP S IACI'IS 81 

"Opei-ationis Linieaii-es") and the closely related subject of the mnodern 
integrals (Saks' "Theory of the Integral") are themnselves vast mathe- 
matical doimainis that have been reviewed oCl imlanly occasionls anid so we 
signalize them here w -ithout- fulrther comment. The abstract algebra 
aridc pure topology of topological groups themselves are systematically 
developed in Poiitrjagiin's ''Topological Groups." Tlle applications of 
fulIctionial analysis in Ii near topological spaces to general differential 
geometry wvith linear topological coordiinates has been the object of an 
extenided review (see mly 1938 adcdress before the Ai-merican Mathematical 
Society in Buill. of Amner. Math. Soc., vol. 405, pp. 529-563 (1939) entitled 
"(General Differential Ge omietries and Related Topics"). There is a 
coinsiderable amiount Of puLre funlctionial analysis scattered thioughout 
the papers onl genieral clifferentlal geoimetry. \Ve shall toLuch oin soilme of 
these piobleimis of puLre functional analysis arisinig in general differential 
geometry. 

We wislh to emphasize here, onice for all, that the major portions 
of minoderin functioinal analysis are not onily geineralizationls of 
classical functionial anal vsis whiclh inclu(le classical fui'ctional analvsis 
as a special case-imnportanit as that mzay be.-but they are also genierali- 
zatioins whose novelty remains invariant unider a passage to the special 
topological groLups Of classical fLI nctional ainalvsis. 

1. Topological Differential Calcutluls. \Ve shaill assume at the out- 
set that the topology of a topological group is a Hausdorff topology. 
There is no loss of generality here in conisicderinig a Haus(lorff topology 
insteadl of the Frechet topology with its weaker separation axioim. By 
I t. g. topological group G we shall mean a topological group that satis- 
fies the following a(lditional postulate P: given any elemienit yEG and a 
neighborhood U of the utnit element oJ G, there exists a positive inateger r 
aTnd ant elemenzt xeU sutch that y= Xn. If in additioni, the group G is abelian 
(additivelv written) we shall speak of such a group as a t. a. g. topological 
groulp G. Every t. g. topological group is Inot coniniected inor is every 
connectecl topologicai grouip a t. g. Linear topological spaces, ancd hence 
Bainaclh spaces, are t. a. g.'s. 

A large nuimber of ifferentials of fulctions with arguLmlents and 
values in t. a. g.'s have been stidied by mne.*(37) (38) (39) Miany of these 
differentials are in geineral clistinict and several of them are equivalent 
to the Fre6chet(8) differential only wvithin equivalent Banach topologies 
whenever the t. a. g.'s are Banach spaces.(2' For the puLrpose of this 
brief review let us sinlgle out two of the miore importaint types of differ- 
entials. Let f(x) be a function with argument and values in t. a. g.'s 
ainid let f(x) be clefine(d in an open set containing the point xo. A linear- 

*Superior numbers in parenthesis refer to the bibliography at the endl of the paper 
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fuinction (i.e., additive aind cointilluous f(xo; 8x) of the iindependeint 
t. a. g. variable 8x is an MlI-differential off(x) at X=x(, if, for some neigh- 
borlhoodl N ainl fuIlCtiOnl E(XO,Xl,X2), 

f(x(,+5x) -f(x(,) -f (x,; bx) = E(xo,6x,65X) for bXEXiNV 

wlhere the epsiloni funllCtioll iS 0 fOlr X1 =0, initeger hloimiogenieouLs in x2, 
ancl has the followling un,iformity property with respect to some fixecl 
neighborhood W: given a neighlborhood V, there exists a neighborhood 
U( V) suICIh that E(XO,Xl,X2)EIV for X1E U( V), x2EW. 

Several fLndclamnenital theoremiis hold for All-differentials: (1) the 
uLniqueniess theorem; (2) Conltilnluity of f(x) at x=x0; (3) differentiability 
of the group sumil of differentiable fuLnctionis; (4) differentiability of tlhe 
composition of dlifferentiable fuLnCtiolns; (5) theor-emii on the invarianlce of 
the differentiability property uLn(ler topological isomorphllismiis of the 
t. a. g.'s with the corollary onl the invaria-nce of t.he cliffereintiability 
property uniler a passage to equivalent HIauslo1ff topologies of the 
t. a. g.'s; (6) there ex ists a fixed neighborhood A with respect to which 
the followiing property holdls: given a neighborhood V, there exists a 
neighborhood U( V) suicl that n[f(xo+y)-f(xO)-f(xo;y)] E V for 
yEU(V), nyE-A, wlhere n is any positive integer; (7) if the t. a. g.'s are 
Banach spaces, then M1-differentiability is equivalenit to Fre'clhet cliffer- 
entiability wit.hin equivalenit Baniaclh topologies. 

It is of some interest to remark at this point that the chl-aacteristic 
postulate P for a t. a. g. topological group is usedl onily in the proof of the 
unliqueniess of an 111-clifferent ial so that the remaininig theorems hold 
go0ci in topological abelian groups that are not t. a. g.'s. 

The property in theorem (6) together with the linearity of f(xO;y) 
in. y can be taken as the definition- of a niew type of (liflerential, callecl a 
pt-differential. The above theorems (1)-(5) hold goo(d for u-differ- 
entials in t. a. g.'s. An M1-differe'ntial is a A-differenitial. It is ani openi 
quLestion, however, whetlher- a p-differendiial is necessarily an rld-cliffer- 
enitial. A nioteworthy featur e of the theory of M1-clifferentials andcl 
g-clifferentials is foundec in the pure topological algebraic character of the 
theory. By this we meani that the real number system cloes niot en ter 
into the theory andcl that the above theorem (5) oni invarianice holdls. 

If the t. a. g. topological groups are Ilinear topological spaces, 
onie cani clefine a A*-clifferential wlhose clefiniitioni is obtained by replacing 
the "positive integer" n in the clefinition of a g-clifferential by the posi- 
tive real number X. It cani be slhowni that, in linlear topological spaces, 
Ag*-clifferelltial)ility is equivalent to M1-clifferentiability with an 
E(XO,Xl,X2) funlctioll that is homogenieous in x9 with respect to positive 
real multipliers. 
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Stuclies on- nth orcler lifferentials in t. -a. g.'s have been maIcle with 
1st orcler clifferenitizls takeln to l)e eilther Mi-clifferelntials or u-cliffer- 
entials. 

MVIillsaps(5-1 has just completed an initerestinig stucly of first orcler 
clifferentials of fuLnctionis with argumen-ts ancl values in t. g. topological 
groups. Millsaps' (Iefiflitiolls of first orcler clifferenitials recluce to the 
clefiniitioni of an1i J1l1-clifferen.tial wlheniever the argumllenit as well as the 
value groups are ab)elian.. 

Hyers(19) h1as showNn that the niotoion of a pseuclo-inormll is sufficienit to 
characterize linieair topological spaces-this is a remarkable con.tribu- 
tioIn t o linear space theory. A pseudo-niorml- is a nioni-nicegative real- 
valuedl functioin clefinecl for each element of a space ancl each element of a 
strongly partially orclerecl set. Banaclh space norm metlhocds canl be 
imioclifiecl to clevelop a fuLnctionial analysis in linear topological spaces. 
For example, Hyers has beeni able to generalize 1Frechet's clifferential by 
clefininig andec stuclyinig a IIyers clifferential(21) in linear topological spaces 
wvil h the aicl of a pseudo-norm. Recenitly TMarkoff has usecl Hyers' 
metlhocls to treat the sulbject of the imbecldlinig of topological spaces in 
topological groups. 

LaSalle(25) (26) lhas solvecl a niumLiber of fUnclamental problemiis for 
linear topological spaces with the aicl of a sliglhtly moclifiecl Fyers' 
pseuclo-inorm. For exaimiple, he has obtaiied neessary aindl sufficieilt 
coinlditioins oln the space for the existence cf a real-valuecl fulnctionial in 
a linear topolegical space; he has showin that the space of iinear tranis- 
formation,s in linear topological spaces can. be topologized in suclh a 
mainner as to formi a lineaar topological space; a(Iil he lhas developed 
(inclependlenitly of Hyers) the theory of a (liffereintial(26) wlhiclh appears 
to be equivalenit to Hyers' clifferential. 

InI his California Institute [941 thesis, LaSalle hlas gonie further 
a(Iil showni that a gen-ieralizationi of Hlyers' pseuclo-niorm is fuLndicamenital 
to the studly of topological spaces.(27) (28) He theni applies the pseuclo- 
norm metlhocls to the clevelopinenii of funictionial analysis in certain 
spa ces, say P1-spaces,(27) that are generalizationis of linear topological 
spaces. The multiplicative cloiaini of LaSalle's Pi-spaces is a rinig with 
valuatioI (norm) whose nlormll satisfies the inequality i11:kl |L 
A t. a. g. is a P-space. However, tlhere exist P1-spaces that are not 
t. a. g.'s. LaSalle's theory of linear functionis anIcl its application to a 
clifferenitial calculus'27) in Pl-spaces is full of initeresting results. 

Finally we wish to poinit out that the first clefinitioni of a differ- 
ential(52) in noni-miietrical spaces was giveen in 1936 ly M\ichal and Paxson. 
Unfortulniately, the TMichal-Paxson diffeleiltial has meaniniig only for 
functions wlhose argumlienits as well as values are in the same iiinear 
topological space. It is still ain openi question wlhetlher the clifferenti- 
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abilitv theorem oni the composition of differelltiAbl)e fuLctiolls is va li1 
for this type of differential. 

2. Aornmed Rings. In 1932, RZ. S. 'Martin andcl TMichal studied'4 8 
linecar normedl rings (with real or conmplex nuLml)er multipliers) in coll- 
nection with a generalizationi of the Firecdlholjim integral e(quationi theory. 
Inifinite (limneinsioiial examples of liniear niormnecl rinigs wvere giveln ith 
the property that for son-.e elemu.ents a and C , |1ao 4,K# ; |1,;. 13 Since theni, 
Elcoinin, Alichal, Hvers, Mewbo n and Wyman have stdliedl various 
topics ill the theor-v of linear normiiecl rinigs: theory )f iCleal1s,(4i) power 
sel-ies eXpaniSiOlnS,(4W, (43) clifferentiali equationsS,(41) (43) ancld aIpplicajtions 
to gelneral clifferential gcometry(33) (35) xith itlBanach coorclinates-espe- 
cially to general Riemanniani geometry(35) anlld general projective dliffer- 
ential geomi-.etry.(35)(50) lRecently many autlhols have announced 
result s (frequelltly without pr-oofs) On the topology of ideals in linear 
norwmed rinigs. I. (;elfncnl(II) andcl otlhers have indclicatedl briefly hiow ideal 
theory in linear nlorimiecl riigs can be a111pplied to FL oul-ier anialysis and to 
its generalizations in topological groups. 

3. A bstract Polynlomials (atud IPowoz.er Series LEx pansions. kFrecchet (")(10) 

began thle subject of abstract polynomials in somne special lillear I:op)olog,- 
cal. spaces. A functioll is a polynomial of clegree nI, according to Fre&chet, 
if it is ConltilnLuOuLS nid itS (1n+1)st, but niot its )ith, clifferenice vanishes 
identically. Fre'chet's main result is that a polyniomial call. be rritten 
ulniqUely aIS al SUIml Of homIIogenlleoLus po)lyn7om01iaIls. 

Inl his 1932 Californiia Institute thesis (noCt publislled), IR. S. MIar- 
till(29) maicle important contributions to the theory of polynomials in 
Banach spaces and complex Banach spaces. Accordlinig to A."lartin, 
f(X) ;s aI po)lynom01iall if it is con1tilLuoLus aid if 

?,, 

f(x + Xy,) = X illi(x'Y). 
1= 9 

MVIartin slhowecl that his clefiniitioni is eqUivaIlellt to Fre&chet's in Ballach 
spaces but niot in complex Banach spaces. Tlhis lel Icvar Highberg(14)i(15) in 

1936 to his initerestinig studcy of functiolns, called pseucdo- polynom11iakls 
that satisfy Frechet's concditions in complex linear topological spaces. 
In 1932, 1933 MIartin, MIeichal, and Clifforcl employed the theory of 
polynloml1ialls in SOmII.e OUtStallClillg p1roblems in fulnctionlal analysis. (40) (48) 

In hlis theSiS, AIartinl illitialted aIlso thle studyI, of polars and modular 
properties of lhomnogenieous polynomlialls. In the 1934 Studial ."IMthe- 
matica that appeared in 1936, MIaLZur and Orlicz recliscovered soImle of 
Martin's results on polars and macle somile interestinlg contributiolls of 

their oWII(30) (31) in Banach spaces and in imore general linear spaces. 
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In 1938, Taylor(66) proved several important theorems on sequences 
of homogeneous polynomials in complex Banach spaces. For exam- 
ple, he proved that an everywhere convergent sequence of homogeneous 
polynomials of degree k has a limit which is itself a homogeneous poly- 
nomial of degree k and that the corresponding sequence of moduli is 
bounded. Recently Van der Lijn(67) has made an extensive study of 
polynomials in abelian groups and then used it to make a neat com- 
parative study of polynomial theories in Banach spaces. 

Again in his thesis, Martin'290 initiated the theory of abstract 
power series in complex Banach spaces and developed what one might 
call the "Weierstrass viewpoint" of analytic functions in complex Banach 
spaces. He made a large use of the modular properties of polynomials and 
proved many important theorems such as the term by term Frechet differ- 
entiability (of all orders) of a convergent power series within its 'sphere" 
of convergence. Power series in Banach spaces were also studied by 
Martin with the aid of different methods from those in complex Banach 
spaces. In 1932, Michal and Martin obtained the best possible results, 
under their postulates, in connection with the abstract power series 
that generalize the Fredholm functional expansions of integral equation 
theory.(48) In 1933, Michal and Clifford gave theorems on analytic 
implicit functions(40) in Banach spaces and complex Bana(h spaces. 

In his 1936 California Institute thesis, Taylor(61)'(62) developed the 
"Cauchyviewpoint" of analytic functions in complex Banach spaces. 
Taylor calls a function analytic in an open set D, if it is continuous and 
has a Gateaux differential at each point of D. Taylor(63)'(66) has made 
noteworthy and extensive investigations in this subject on several 
occasions. He has also supplemented his work by introducing the 
abstract Cauchy-Riemann equations. (62) (64) 

An introduction to a theory of polygenic functions(46) in normed 
complex couple spaces(53) was given recently by Michal, Davis and 
Wyman. A characterization of the "directional Gateaux differentials" 
for a large class of polygenic functions was one of the main contribu- 
tions. 

Pinney'59) has applied power series in Banach spaces to the solu- 
tion of some problems in general differential geonmetry. Govurin(12) 
announced (without proofs) some interesting theorems on power series 
in Banach spaces. 

4. Abstract Differential Equations. An existence and tinqiueness 
theorem for first order "ordinary" differential equations in Banach 
spaces with initial conditions was demonstrated by Kerner(23) in 1932. 
Later Michal and Elconin obtained this theorem by different methods 
as a corollary of their more general theory.(41) In 1936, Hyers and 

http://www.jstor.org/page/info/about/policies/terms.jsp


86 MATHEMATICS MAGAZINE 

Michal studied second order "ordinary" differential equations with two 
point boundary conditions(43) in Banach spaices. Existence and unique- 
ness theorems were given, and in the case of the differential systems 
that occur in general differential geometry, the Frechet differentiability 
of the solution x.(t,xo,xl) as a function of the ieal variable t and the ab- 
stract boundary values xo,x1 were also studied. More recently Hyers 
and Michal have included in their differential geometric papers several 
theorems in pure functional analysis. These theorems include soine 
fundamental existence, uniqueness, and Frechet differentiability theorems 
on the solutions of second order "ordinary" differential equations with 
one-point initial conditions(44) (45) in Banach spaces. 

Existence and uniqueness theorems for differential equations(41) 
whose unknown functions have arguments as well as values in Banac h 
spaces were given by Michal and Elconin in 1935 and 1937. Two general 
existence and uniqueness theoremns were proved for completely iDtegrable 
abstract "Pfaffian" differential equations f(x;6x) = F(x.f(x),ax) in 
Frechet differentials with one-point initial conditions- one theorem was 
"in the small" and the other "in the large." Several important addi- 
tional theorems were also given in some specail Banach spaces. Mew- 
born and Michal have recently treated a new type of functional differ- 
ential equation(50) which is not of the Michal-Elconin type. 

Abstract Pfaffian differential equations play a fundamental role in 
general differential geometry(33), (3 5(50) and in the Michal-Paxson- 
Elconin generalizations(83) (42)'(51)'(47) of the Lie theory of continuous 
transformation groups. The field is fertile and much important work 
remains to be done along this direction. 

Pinney(60) has generalized the Michal-Elconin theory of abstract 
Pfaffian equations to the case in which the independent variable of the 
unknown function is a linear topological variable, and has succeeded in 
proving a differentiability theorem on the solution as functions 
of the initial parameters. Pinney made a large use of M-differen- 
tials(35)'(36) (to be distinguished from Ml-differentials) in this investiga- 
tion and in his partially completed thesis investigation on an abstract 
calculus of variations. 

Hyers(16)'(17) and Paxson(55)'(57)'(58) in their respective 1937 Cali- 
fornia Institute theses have proved interesting theorems on first order 
"ordinary" differential equations in some restricted linear topological 
spaces. Hyers employs a generalized Lipschitz condition while Paxson 
makes use of the Brouwer-Tychonoff fixed point theorem in linear 
topological spaces. Leray and Schauder made some interesting applica- 
tions of topology to non-linear equations(24) in Banach spaces. 

In conclusion, we wish to signalize the work of the American and 
Russian schools on functional analysis in partially ordered linear spaces. (5) 
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H. A. Arnold(l) made interesting contributions to this subject in his 
1939 California Institute thesis (unpublished). 
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Original Papers Whose Reading Does Not Presuppose 
Graduate Training 

Escalator Numbers 

by PEDRO A. PIZA 

If we define an escalator nulmber An. by the relation A,,=Ea 
=ti a,, where A is the gradual sum. of any number n of rational sum- 
mands a,,, whose sum at any point must equal to their gradual product, 
such as for instance 

3 9 81 3 9 81 6561 
A4=3+-+-O =3 

2 7 67 2 7 67 938 

it is easy to see that for any arbitrary Al=ai? 1 we can get a2by the re- 
quirement A2=a1+a2= aIa2. Hence aja2-a2=a1 and 

a1 A, 
az2 

al-1 A1-1 

Similarly 

A2 
A2-1 

and in general 

An 
(1) an.i+ = A 

This is a recurrence formula which permits us to compute consecu- 
tively as many summand-factors an. as we please, whose gradual sums or 
products are the successive escalators A7,. 

If we let a1= x and call x the base of an escalator An., we can use the 
convenient notation A")x to mean the escalator A. to the base x. Then 
by repeated use of the recurrence formula (1) we can obtain alternatively 

*We call these numbers escalator numbers, or simply escalators, because they 
can be climbed in n steps by summation or in one step of n factors by multiplication. 
The investigation presented in this introductory brief note was suggested by solution 
of Schell's problem E686 of the Americam Mathematical Monthly. 
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the first few cobasic sum.i-iand-factors a12 and the first few cobasic esca- 
lators A ,, in terms of the base x, which base can be any irreducible rational 
number x = r/s where r and s are relatively prime, (with the only obvi- 
ous exception of x = 1), as follows: 

Ai)x=ai= x. 

x 

x2 
A2)X = 

x-1 

a3 = 
x2-(X-1) 

In general if we let t1 be the numerator of any summand-factor 
an, and let dn be its denominator, so that a17=t.17/dn, then t1=x 2n- 2, 
dn X2n -2 Dn-1 where Dn-1 is the denominator of the previous esca- 
lato. An-l. 

We can also let 

T 

and then Tn = tn2=I tin, 

D f d.ll 

Many interesting and easily proved theorems concerning escalators 
An and their summand-factors a., can be derived. Some of them are: 

I) The product of any two cobasic escalators A?, and A,,+l is equal to 
the square of the first one plus the second. 

In symbols: A.?A,,+l, =A ?i2+A lA+ 

II) The denominator d4+? of any summand-factor a1,+, is equal to the 
product of the numerator t4, (of a,), by its denominator, plus the 
square of the product of the denominators of all the summand- 
factors previous to ax. 

dn+1 = t7,dn + (d1d2d3. dn_) 2 

III) The denominator of any escalator A,,+? is equal to the product 
of the numerator of the previous cobasic escalator A,, by its de- 
nominator, minus the square of the denominator of A n. 

D?+? = T?,D, -Da 2= T?D-(dd2d3 d 
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IV) If A.n-i and A,, are anly twro cobasic suiccessive escalators, theln 
(2A ,n-A-A,,), 2 anid (A, -2) CoIlStitLIte a triplet of raitioiail I'ythla- 
(gorean nuL,Mbers. 

(2A , -1-A ,) 2+ 22 = (A ,,2)2 

V) TIhC SuLIml of tIle cubes of twNro SuLCCeSSiVC cobasic escalatoI-s is equlal 
to the Con1tillUouLS produIct of tIle first onie, by the seconid, by the 
second m11inu1LS uIniity, aidcl by the seconld on1e plus uniity n uiiiEls the 
first onie. 

An9--'+A ,' =A?,-,A ,(Al 
- 

1)(A II+ I -A n-1). 

VI) The valuLe of ainy escalator milnLIs ulnity is equal to the reciprocal 
of its successive suimimiiiaiid-factor iu iniuiEs uiiiity. 

A ,-1 = 

VII) The I)rodUct of ainy twro cobasic SuLCCeSSiVC escalator-s divided by 
their- sull. is equlal to the squiare of the first onie divided by twice 
the first onie ninutis unity. 

A )1A ?+l A ,12 
A n +As- 2A1 Iz 

VII I) If mn is ainy positive inlteger exponenit whaitsoever aiid A,, ancd A n? 

ai-c twro cobasic SuLCCeSSiVC escalators, the valuLe of tIle fr-actioni 
A it/"(A - 1)"' wrill remain unliclhianged if we add A1,+,"' to tlC 11hU- 
merator aiid A,,"' to the denominator. 

A? ?Z?? A }t ?+A n+17? 

(A n 1)1 

lciach of the above theorems cani be readily verified by somille substi- 
tuitionl anid proved by iniduictioni. 

Maiiy other Cur1 iOUs relationis cani be easily demionlstrated by the 
tuse of these escalator nuimiLgbers, a particuIlarly interestinig one being: 

IX) If xI, x2 aiid X3 are the thl-ee distinct roots of the equationi x3= 1, 
thenl x1I+x1P2"-x3P= 0 is verified for all prime values of the exponlenlt 
p other than 3. 

Althouglh this theorem (IX) is not nlew for it appeared as a problem 
in Chl-ystal's Algebra, it is inter-estinigly simple to demilonlstrate by esca- 
lator relationis anid is left as anl exercise to the reader. 

San Juan, P'iuerto Rico. 
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A Speedy Solution of the Cubic 
hby Jo(fN 1'. Pi'Irrir 

(At imy reqLest, thle aWthor hias ext racted1 this particUlar solLtion 
Of the cLbic from. Iis imore general treatmi.ent Of the cuLbic and the general 
algel)raic equation.-ED.) 

Consider the cill)ic 

1). ~~~~~~~~~Y3-j- Pi, + (I= O. 

If p andcl q have the smemic signs, we chanige the signs of the roots, 
and consider only 

2). y3= P!y Iql =0. 

Let q 

Substituting, we Oet 

p p3 p 3 

Z3 IP 13 or =_____= K' . 

Figure I gives the graph of K against z. It is seen from the curve 
that -3<z<1.5 corresponds to -00<K<o0. Thus for any valuLe 
of K, a valuLe of z can l)e found, and a real root can l)e gotten from 

-q 

p 

If the cubic 1)e in the form 

3). X3+bX2+Cc+(d= 0 

W\e vlllieelv (letlrmlinle from the i(lelntities 

1) 2 bc 2b 3 b P = c---- aind q=dl-~ ?rIhere x=y-- 3' 3 27' 3 

rhe graph show-s that for K>-6.775, only one real root exists, 
and forK< -6. 75, three roots exist. (The discrimninant verifies these 
facts.) 
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A simple rule for solving the cubic (3). 

Com111pulte -; = K; 

T ake /hc correspondlingz from. the table; suibstitullte /lis value in, 

p 3 

reduce /ic c(leqation? to a, quadratic a(ind solve in f/ic ls/Ial wa . YI/ic re- 
mia'uinii, roots arc tli us: 

.~ ~ ~~~X - x.1 

}1a}t}e b'0g ct b'llS 

1F,;xafl'l)le: 

1 2 2 
=-2- - -2.3 3, q- 1- - 2 3 3 27 =.6 

Therefore, K= -189. 
q2 

F-ronm. tlh e tables, z- 1 00 

and(l s\'1 =- q b 0.26 36=0.1 
p 3 2.3 3 

2p 3 

- (0.26) [126-4)-1s9)-3]+ 
2~- 2.33) 

4 81-3] .3 

=,=--1.25, AU3=1.8( 

wllich ace correct to tw() dleciimial places. 
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TABLE I 

Z K Z K Z K Z K Z K 

-3.00 -6.75 -2.47 -4.35 -1.94 -2.48 -1.41 -1.16 -0.88 -0.362 
-2.99 -6.69 -2. 46 -4.31 -1.93 -2. 45 -1.40 -1.14 -0. 87 -0.352 
-2.98 -6.66 -2.45 -4.26 -1.92 -2.42 -1.39 -1.13 -0.86 -0.342 
-2.97 -6.60 -2. 44 -4. 22 -1.91 -2. 40 -1.38 -1.10 -0. 85 -0..332 
-2.96 -6.54 -2.43 -4.17 -1.90 -2.36 -1.37 -1.08 -0.84 -0.322 
-2.95 -6. 50 -2. 42 -4.15 -1.89 -2. 34 -1. 36 -1.07 -0.83 -0.313 
-2.95 -6. 45 -2.41 -4.11 -1.88 -2. 30 -1.35 -1.05 -0. 82 -0.303 
-2.93 -6.39 -2.40 -4.06 -1.87 -2.28 -1.34 -1.03 -0. 81 -0.294 
-2.92 -6.35 -2.39 -4.04 -1.86 -2.25 -1. 33 -1.01 -0.80 -0.284 
-2. 91 -6.29 -2. 38 -3.99 -1.85 -2. 22 -1. 32 -0. 991 -0. 79 -0.276 
-2.90 -6. 25 -2. 37 -3.95 -1.84 -2. 19 -1. 31 -0. 974 -0. 78 -0.2z67 -2.89 -6.20 -2. 36 -3.90 -1.83 -2.16 -1.30 -0.956 -0. 77 -0. 258 
-2.88 -6.16 -2. 35 -3. 88 -1. 82 -2.14 -1.29 -0.930 -0. 76 -0.249 
-2.87 -6.10 -2. 34 -3.83 -1.81 -2.11 -1. 28 -0.921 -0.75 -0.241 
-2.86 -6.06 -2.33 -3.78 -1.80 -2.08 -1.27 -0.903 -0.74 -0.233 
-2.85 -6.00 -2. 32 -3. 76 -1.79 -2.06 -1.26 -0.885 -0. 73 -0.225 
-2. 84 -5.96 -2. 31 -3. 72 -1.78 -2.03 -1.25 -0. 866 -0. 72 -0.217 
-2. 83 -5.93 -2. 30 -3. 70 -1.77 -2.00 -1.24 -0. 852 -0. 71 -0. 209 
-2.82 -5.86 -2.29 -3.65 -1.76 -1.97 -1.23 -0.835 -0.70 -0.202 
-2.81 -5.83 '-2.28 -3.63 -1.75 -1.95 -1.22 -0.820 -0.69 -0.195 
-2.80 -5.79 -2.27 -3.58 -1.74 -1.92 -1.21 -0.800 -0.68 -0.187 
-2.79 -5. 73 -2.26 -3.53 -1. 73 -1.90 -1.20 -0. 786 -0.67 -0. 180 
-2.78 -5.69 -2.25 -3. 51 -1.72 -1.87 -1.19 -0. 771 -0.66 -0.173 
-2.77 -5.65 -2.24 -3. 46 -1.71 -1.85 -1.18 -0.752 -0.65 -0.167 
-2. 76 -5.59 -2.23 -3. 44 -1.70 -1.82 -1.17 -0. 737 -0.64 -0.160 
-2.75 -5.55 -2.22 -3.38 -1.69 -1.79 -1.16 -0.722 -0.63 -0.153 
-2. 74 -5. 51 -2.21 -3.36 -1.68 -1.77 -1.15 -0. 707 -0.62 -0.147 
-2.73 -5.44 -2.20 -3.31 -1.67 -1.74 -1.14 -0.692 -0.61 -0.141 
-2.72 -5.40 -2.19 -3.29 -1.66 -1.72 -1.13 -0.676 -0.60 -0.135 
-2.71 -5. 36 -2.18 -3.27 -1.65 -1.69 -1.12 -0.661 -0.59 -0.129 
-2.70 -5.32 -2.17 -3.22 -1.64 -1.67 -1. 11 -0.649 -0.58 -0.123 
-2.69 -5. 29 -2.16 -3. 20 -1.63 -1.65 -1.10 -0.634 -0. 57 -0. 118 
-2.68 -5.21 -2.15 -3.15 -1.62 -1.62 -1.09 -0.622 -0.56 -0.113 
-2.67 -5.18 -2.14 -3.12 -1.61 -1.60 -1.08 -0.606 -0.55 -0.107 
-2.66 -5.14 -2.13 -3.09 -1.60 -1. 58 -1. 07 -0.594 -0.54 -0.102 
-2.65 -5.10 -2.12 -3.05 -1.59 -1.55 -1.06 -0. 578 -0.53 -0.0975 
-2.64 - 5.06 -2.11 -3. 02 -1. 58 -1. 53 -1.05 -0.0566 -0. 52 -0.0927 
-2.63 -5. 01 -2.10 -2.99 -1.57 -1. 50 -1.04 -0.549 -0. 51 -0.0881 
-2.62 -4.97 -2.09 -2. 95 -1. 56 -1. 48 -1.03 -0. 537 -0. 50 -0.0834 
-2.61 -4.93 -2.08 -2.92 -1.55 -1. 46 -1.02 -0.522 -0.49 -0.0792 
-2.60 -4.89 -2.07 -2.89 -1. 54 -1. 44 -1. 01 -0. 513 -0. 48 -0.0750 
-2.59 -4.85 -2.06 -2.85 -1.53 -1.41 -1.00 -0.500 -0.47 -0.0708 
-2.58 -4.80 -2.05 -2. 83 -1. 52 -1. 39 -0. 99 -0. 488 -0. 46 -0. 0666 
-2. 57 -4. 76 -2.04 -2.79 -1.51 -1. 37 -0. 98 -0. 476 -0. 45 -0. 0629 
-2.56 -4. 72 -2.03 -2. 76 -1.50 -1.35 -0.97 -0. 464 -0. 44 -0. 0591 
-2.55 -4.67 -2.02 -2. 72 -1. 49 -1. 33 -0. 96 -0. 451 -0. 43 -0.0555 
-2. 54 -4.63 -2. 01 -2. 70 -1. 48 -1. 31 -0. 95 -0. 440 -0. 42 -0.0522 
-2.53 -4. 59 -2.00 -2. 66 -1. 47 -1. 29 -0.94 -0.429 -0. 41 -0.0490 
-2. 52 -4.54 -1.99 -2.64 -1. 46 -1. 26 -0.93 -0. 416 -0.-40 -0.0457 
-2.51 -4.50 -1.98 -2.60 -1.45 -1.24 -0.92 -0.406 -0.39 -0.0426 
-2. 50 -4.46 -1. 97 -2. 58 -1. 44 -1. 23 -0.91 -0. 395 -0. 38 -0.0398 
-2.49 -4.41 -1.96 -2.54 -1.43 -1.20 -0.90 -0.384 -0.37 -0.0370 
-2. 48 -4. 39 -1.95 -2. 51 -1. 42 -1.18 - 0. 89 -0. 373 -0. 36 -0.0344 
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TABLE I-Contt. 

Z K Z K Z K Z K 

-0.35 -0.0318 0.19 0.00847 0.73 1.44 1.25 -7.80 
-0.34 -0.0293 0.20 0.00999 0.74 1.56 1.26 -7.69 
-0.33 -0.0270 0.21 0.0117 0.75 1.69 1.27 -7.59 
-0.32 -0.0248 0.22 0.0136 0.76 1.83 1.28 -7.50 
-0.31 -0.0228 0.23 0.0158 0.77 1.99 1.29 -7.41 
-0.30 -0.0208 0.24 0.0182 0.78 2.16 1.30 -7.33 
-0.29 -0.0189 0.25 0.0208 0.79 2.35 1.31 -7.26 
-0.28 -0.0172 0.26 0.0237 0.80 2.56 1.32 -7.19 
-0.27 -0.0155 0.27 0.0270 0.81 2.80 1.33 -7.13 
-0.26 -0.0140 0.28 0.0305 0.82 3.06 1.34 -7.09 
-0.25 -0.0125 0.29 0.0344 0.83 3.36 1.35 -7.03 
-0.24 -0.0111 0.30 0.0386 0.84 3.70 1.36 -7.00 
-0.23 -0.00911 0.31 0.0432 0.85 4.10 1.37 -6.95 
-0.22 -0.00868 0.32 0.0482 0.86 4.54 1.38 -6.92 
-0.21 -0.00766 0.33 0.0536 0.87 5.07 1.39 -6.90 
-0.20 -0.00667 0.34 0.0600 0. 88 5.68 1.40 -6.85 
-0.19 -0.00576 0.35 0.0660 0.89 6.41 1.41 -6.83 
-0.18 -0.00494 0.36 0.0729 0.90 7.29 1.42 -6.81 
-0.17 -0.00420 0.37 0.0804 0.91 8.38 1.43 -6.80 
-0.16 -0.00353 0.38 0.0885 0.92 9.73 1.44 -6.79 
-0.15 -0.00294 0.39 0.0972 0.93 11.5 1.45 -6.78 
-0-.14 -0.00240 0.40 0.107 0.94 13.8 1.46 -6.77 
-0.13 -0.00195 0.41 0.117 0.95 17.2 1.47 -6.76 
-0.12 -0.00154 0.42 0.128 0.96 22.1 1.48 -6.75 
-0.11 -0.00120 0.43 0.139 0.97 30.4 1.49 -6.75 
-0.10 -0.000909 0.44 0.152 0.98 47.0 1.50 -6.75 
-0.09 -0.000669 0.45 0.166 0.99 97.0 
-0.08 -0.000474 0.46 0.180 1.00 o 
-0.07 -0.000321 0.47 0.196 ........ ......... 
-0.06 -0.000204 0.48 0.213 
-0.05 -0.000119 0.49 0.231 1.01 -103. 
-0.04 -0.0000616 0.50 0.250 1.02 -53.0 
-0.03 -0.0000262 0.51 0.271 1.03 -36.3 
-0.02 -0.00000784 0.52 0.282 1.04 -28.0 
-0.01 -0.000000990 0.53 0.317 1.05 -23.2 

0.00 0.000000000 0.54 0.342 1.06 -19.8 
0.01 0.00000100 0.55 0.370 1.07 -17.6 
0.02 0.00000816 0.56 0.398 1.08 -15.7 
0.03 0.0000278 0.57 0.431 1.09 -14.4 
0.04 0.0000667 0.58 0.465 1.10 -13.3 
0.05 0.000132 0.59 0.501 1.11 -12.5 
0.06 0.000230 0.60 0.540 1.12 -11.7 
0.07 0.000369 0.61 0.582 1.13 -11.1 
0.08 0.000556 0.62 0.627 1.14 -10.6 
0.09 0.000801 0.63 0.676 1.15 -10.1 
0.10 0.00111 0.64 0.728 1.16 -9.75 
0.11 0.00150 0.65 0.785 1.17 -9.41 
0.12 0.00196 0.66 0.846 1.18 -9.11 
0.13 0.00253 0.67 0.912 1.19 -8.89 
0.14 0.00319 0.68 0.982 1.20 -8.65 
0.15 0.00397 0.69 1.06 1.21 -8.42 
0.16 0.00488 0.70 1.14 1.22 -8.27 
0.17 0.00592 0.71 1.24 1.23 -8.09 
0.18 0.00711 0.72 1.33 1.24 -7.95 

University of California at Los Angeles. 
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CURRENT PAPERS AND BOOKS 
Edited by 

I1 I . CR.\I(; 

This (lepartmenlt will presenit commillenlts oln papers previously pub- 
lishe(d in the MATl I .MATICS MAGAZINA., lists of new books, aiil( b)ook re- 
views. 

The purpose znid( policies of the first (livision of this (lepirtmenlt 
(Comlilmenits on Papers) (lerive directly fromil the mialjor objective of the 
NMArTII.MATrIcs NIMAGAZIN. N hich is to enicouraige research all( the pro(luc- 
tioll of superior expository articles l)y pruovi(linig the mieans for prompt 
publicaition. 

In or(ler thait errors may be corrected, results extended, anid( iinterest- 
ing aspects further illuminated, comlimlenlts on published papers in all dle- 
partillents are inlvite(l. Coiillenits which express coniclusionls alt vairiaince 
with those (of the paper uid(ler review should b)e suI)mitted i;1 duplicate. 
Oiie copy will be senit to the author of the original article for rebuttal. 

(Comniciiu tioisl intend(le(d for this dep:art ment shoul( l)e addressed to 
II. V. CRAIm, Departmnent of Applied Ma1(itheminatics, 
University of Texas, Austiii 12, Texais. 

Essays in .Science (anid PNhilosophy. 13y Alfre(d Nortlh \hitehead. P'hilosophical 
Library, New York, 1947. \1II1 +348 pages. Price $ .75. 

This volumile conltains reprints of 23 separate papers, coninecte(d for the milost part 
by little iliore thain the faict thalt they come fromli the p2n of onie man. If it were llot 
for the significanit influenice which this mani has ha(l upoin contempOr.Iry thought, olne 
woul(d perhips niot attich a great (leal of importaiice to this b)ook. Chroniologicilly 
the pipers which it containis range from the ye-ir 1910 to the year 19341. They are 
grouped inito four sectionis of approximately equal size. 

Part I, carrying the sul)title Personal, consists of five papers, occupyinig 74 pages 
in all. The first three are l)iographical in the more nlarrow sense; the fourth is an essay 
oni the influenice of the geographical position on the chiracter of the inhabitants of 
Southeastern England(I and(I of the other countries alonig the shores of the Straits of Dover 
and(I the North Seai. The laist p:aper in this sectioni, first published in the Atlantic Monz-th- 
ly for March, 1937, is concerne(d with the broad problems of the l3ritish Empire. 

Part II, Philosophy (72 piges), conitains six papers, of which one is a two-page 
statemenit oni the philosophy of Johin Dewey; the others deAl with topics such as on1e 
would expect to find(I un(ler this subtitle: Imiliortality, Uniiformity and Conitinigency. 
In part LII, Education, there are againi six pipers, covering 74 p:ges. Among them is 
ain address, enititle(d 'Education and( Self-Education'' delivered in February, 1919 at 
the Stanlley Techniicail School in Coventry. 

Part IV, Science, occupies 116 pages (livi(le(d over six papers, very heterogelneous 
in cliaracter. MIore than half of this sectionl is taken up l)y three irticles (Axiomiis of 
(Geometry, M[athematics, Notn-Eucli(lein (ieometry), which cain be found( in volumes 
XI and( X\VII of the 11th e(lition of Encyclopae(lia Biritannica. There seems little 
justificationi for the repro(luctionl of the text of these articles (the (liaigralms are omitte(l) 
available in a standard reference work, inclu(inig even the bibliographies, nlow very 
much out of (late, and( the author's initials. Particularly oSut of plaice in this volume 
is the thir(d of these articles, being written jointly with Blertrand(1 Ruissell, whose initials 
B. A. W. R. appear along with A. N. \\ at the enld of the article. 
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The first paper in Part IV, entitled "The first physical synthesis" is a delightful, 
brief discussion of the first century of modern physical science-Galileo, Newton, 
Bacon, Huyghens, Descartes. Perhaps the most valuable from the point of view of 
technical mathematical interest are the 18 pages devoted to the paper on "Indication, 
Class, Numllbers, Validation", reprinted from the 1934 volume of Mind. 

All in all, the volume aroused in the reviewer a feeling of distress, cause(d by its 
lack of coherence and urgency, by the recurring thought that the book does not do 
adequate justice to the author of "Science and the Modern World", of the "Introduction 
of Mathematics", of the "Adventure of Ideas", not to speak of the "Universal Algebra", 
nor of "Principia Mlathemnatica". In spite of this rather disappointing total impression 
there have come momeints of joy in the reading of the book, moim-eints when bits of 
captivating frankness, of illuminatiing wisdom, of far-reaching vision projected out of 
the printed page the author's remarkable personality and the deeper causes of his 
influence upon the philosophers of the past decades. Perhaps quotation apart from 
the context will not destroy their significance for the reader of this review. 

Recurring through several of the essays, we find the thoughts Which are expressecl 
in the following words on page 83: "The misconception which has haunted philosophic 
literature throughout the centuries is the notion of 'independent existence'. There is 
ino such mode of existence; every entity is only to be understood in terms of the way in 
which it is interwoven with the rest of the Universe", and in these few lines on page 
86: "The notion of the fixity of species and genera, and the notion of the unqualified 
definiteness of their distinction from each other, dominate the literary traditions of 
Philosophy, Religion and Science. Today, these presuppositions of fixity and dis- 
tinction have explicitly vanished; but in fact they dominate learned literature. Learn- 
iiig preserves the errors of the past, as well as its wisdom. For this reason, dictionaries 
are public dangers, although they are necessities." 

Although not occurring in papers on ''Educationi ", the following passages deserve 
to be thought over by the curriculum makers, the legislators for our schools and col- 
leges: "The formal teaching at Cambridge was competently done, by interesting 
men of first-rate ability. But courses assigned to each undergraduate might cover a 
narrow range. For example, during my whole undergraduate period at Trinity, all 
lectures were on mathematics, pure and applied. I never went inside another lecture 
room. But the lectures were only one side of education. The missing portions were 
supplied by incessant conversation, with our friends, undergraduates or members of the 
staff. This started with dinner at about six or seven, and went on till about ten o'clock 
in the evening, stopping sometimes earlier and sometimes later. In my own case, there 
would follow two or three hours' work at Mathematics." (page 7) "Unless we are 
careful, we shall convenitionalize knowledge. Our literary criticism will suppress 
initiative. Our historical criticism will conventionalize our ideas of the springs of 
human conduct. Our scientific systems will suppress all understanding of the ways of 
the universe which fall outside their abstraction. Our modes of testing ability will 
exclude all the youth whose ways of thought lie outside our conventions of learning. 
In such ways the universities, with their schemes of orthodoxies, will stifle the progress 
of the race, unless by some fortunate stirrinig of humanity they are in time remodeled 
or swept away. " (page 26). 

Mathematicians come in for a good bit of advice as well as for some encourage- 
ment. On page 98, we come across the following sentence: ''Many mathematicians 
know their details but are ignorant of any philosophic characterization of their science. " 
And on page 109, we find this remark: ''If civilization continues to advance, in the 
next two thousand years the overwhelming novelty in human thought will be the 
dominance of mathematical understanding. " 
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Of especial interest, in view of the importance attaching to modern sampling 
theory in various fields, are the following passages: ''The general problem is to examine, 
whether any isolated portion of our experience has any character which of itself implies 
a corresponding character, extending beyond the domain of that immediate example. 
In other words, we ask whether, on the ground of experience, we can deduce any sys- 
tenmatic uniformity, extending throughout any types of entities, or throughout the 
relations between them." (page 132), and ''One of the dangerous fallacies in the 
construction of scientific theory is to make observations upon one scale of magnitude 
and to translate their results into laws valid for another scale. Almost always some 
large modification is required, and an entire inversion of fundanmental conceptions 
may be necessary. ... I suggest that our sociological doctrines have made the same 
error in the opposite direction as to scales. We argue from small-scale relations be- 
tween humans, say two men and a boy on a desert island, to the theory of the rela- 
tions of the great commercial organizations either with the general public or internally 
with their own personncl. " (pages 156,157). 

This last quotation indicates that the author's interests extend into the field of 
the social sciences. An important task for them is suggested in a few lines from the 
essay on "The study of the past": "Thus the interweaving of mass production with 
craftsmanship should be the supreme object of economic statesmans!hip. Here by 
craftsmanship I do not mean the exact reproduction of types of activity belonging to 
the past. I mean the evolution of such types of individual design and of individual 
procedure as are proper for the crude material which lies ready for the fashioning into 
particular products." (page 162). 

His far-reaching influence in contemporary philosophy lends a'special flavor and a 
particular importance to the pronouncements which are more directly related to that 
field: "Philosophy is an attempt to express the infinitude of the universe in terms of 
the limitations of language" (page 14). ''What I am objecting to is the absurcl trust 
in the adequacy of our knowledge. The self-confidence of learned people is the comic 
tragedy of civilization. There is not a sentence which adequately states its own mean- 
ing. There is always a background of presupposition which defies by reason of its 
infinitude". (page 95). "But consciousness proceeds to a second order of abstraction 
whereby finite constituents of the actual thing are abstracted from that thing. This 
procedure is necessary for finite thought, though it weakens the sense of reality. It is 
thebasisofscience. Thetaskofphilosophyisto reverse this process and thus to exhibit 
the fusion of analysis with actuality. It follows that Philosophy is not a science." 
(page 113). ''The besetting sin1 of philosophers is that, being merely men, they en- 
deavor to survey the universe from the standpoint of gods. There is a pretense at 
adequate clarity of fundamental ideas. We can never disengage our measure of clarity 
from a pragmatic sufficiency within occasions of ill-defined limitations. Clarity always 
means 'clear enough'." (page 123) ''I do not like this habit among philosophers, of 
having recourse to secret stores of information, which are not allowed for in their sys- 
tem of philosophy. They are the ghosts of Berkeley's 'God' and are about as com- 
municative." (pages 143,144). 

I do not know any better way to bring this discussion of the book to a close than 
by means of a final quotation which impresses one as a confession of faith of the philoso- 
pher-scientist: ''Power follows wisdom, because nature unlocks its secrets to the wise 
and dowers the temperate with zest and energy. Wisdom should be more than in- 
tellectual acuteness. It includes reverence and sympathy, and a recognition of those 
limitations which bound all human endeavour. " (page 169). 

JulNr 19, 1947. ARNOLD DRESDEN. 
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 HISTORY AND HUMANISM

 Edited by

 G. WALDO DUNNINGTON and A. W. RICHESON

 Papers on the history of Mathematics per se, the part it has played

 in the development of our present civilization and its relation to other

 sciences and professions are desirable for this department.

 Opportunities For Mathematically Trained

 College Graduates*

 by I. S. SOKOLINIKOFF

 The Chairman of your Program Comlmittee asked me to act as a

 discussion leader in the symposium on the opportunities for mathemati-

 cally trained college graduates. This symposium will consist of a series

 of short addresses which I hope will be followed by an open forum so

 that the problems mav receive more than one-sided illumination.

 I should like to begin by gazing at the crystal ball and making

 some guesses as to what is likely to happen a year or two from now

 when the G.I. benefits run out, and when the influx of veterans is no

 longer with us, and how that is likely to affect the present sellers' market

 in mathematics. It is certain that two or three years from now, perhaps

 even sooner, there will be a period of contraction in the university attend-

 ance, and this should make available some mathematically trained

 individuals, now engaged in teaching, for positions in industry and gov-

 ernment. Thanks to the short-sighted draft policies we are experi-

 encing a severe deficit in mathematically trained personnel, and it is

 my guess that this deficit will be with us for many years to come because

 the new channels for absorption of mathematicians developed during

 the past five years would utilize whatever surplus of mathematically-

 trained personnel might be released from academic positions.

 Prior to 1940 practically the only outlet for the employment of

 mathematicians, other than the statisticians and actuaries, was in the

 field of education. It was reliably estimated that in 1940 there were

 only 150 mathematicians employed by industry exclusive of actuaries

 and statisticians. The new channels for absorption of mathematicians

 in industry and government were definitely discernible even as early as

 1930, and the rate of absorption was so greatly increased just before the

 *This address is a part of a symposium on the subject held at Pomona College,

 Claremont, California, by Southern California Section of the Mathematical Association

 of America on March 8, 1947. It is printed here at the request of the Editors.
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 war that the demand for mathematicians in industry in 1940 so greatly

 exceeded the supply that the National Research Council saw fit to devote

 some 20 pages to this problem in its report to President Roosevelt. A

 section of this report* entitled "Indu'strial Mathematics" was distributed

 to all members of the Mathematical Association and the American

 Mathematical Society. I think it will bear careful rereading nlow since

 it appears to me to be even more timely at this moment than when it

 was presented to the President six years ago. I should like to make some

 speculative estimates which I believe are not very wide of the mark,

 and which will indicate that the colleges and universities should start

 recognizing now that, before very long, for every mathemnatics graduate

 employed in teaching there will be at least one employed by the govern-

 ment and industry. This means that we should start thinlking of our

 students, not only as future teachers of mathematics, but also as poten-

 tial research workers and consultants in industry.

 I presume that Dr. Bollay and other speakers oII this program will

 have something to say about the role played by the mathematicians in

 industrial and governmental research, and their remarks should give us

 indication of the type of revisions or additions to the mathematical bill

 of fare offered by the colleges. I also hope to inake some remarks in this

 connection, but let me get back to my rough estimates.

 While I made no actual count, I should like to guess that the mem-

 bership list of the American Mathematical Society alone contains at

 least 400 names with industrial and governlmental addresses. I arrived

 at this fi'gure simnply by the expedient of doubling the number of indi-

 viduals with industrial addresses listed in the 1940 catalogue of members

 of the Mathematical Society. There are at least half as many more

 who are not affiliated with organiizations whose primary aim is research

 in pure mathematics, so that this gives ine a total of 600, which is 20%o

 of the present membership of the Mathematical Society. This is not

 an insigniificant percentage, and I believe you will agree with me that

 any estimates are decidedly in the nature of a lower bound. I have not

 included in these estimates the statisticians and actuaries, whose train-

 ing is primarily mathematical, and there are 3500 members of the Amer-

 ican Statistical Association alone. Of course, some names are dupli-

 cated, but I think that 3000 would present a very conservative guess

 for the number of mathematically-trained persons employed outside

 the collegiate professioln. I should guess that the number in the latter

 is around 6000, which is precisely twice the number of individuals I esti-

 mate outside the collegiate field. While one might argue that we have

 reached the peak in the employment of teachers of mathematics, there

 *Research-A Nationtal Resource-II, Section VI, Part 4, pp. 268-288, A House

 Document, 77th Congress.
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 is H1o indicatioii that we wNrill be able to satisfy the demiianlds of industrial

 and governimieintal orgaanizationis in the foreseeable future.

 Now a word about the trainiing of mathematics milajors. It is quite

 genierally recoginized iloNor that wre have not paid eniough attelntion in the

 past to the problem of training in several important fields of imiathelimatics.

 Prior to 1940 there were very feW institutions where such disciplines as

 analytical dyniaimics, theory of relativity, hydrodynamilics, potential

 theory, and elasticity were offered on a graduate basis by the mathe-

 miatics departmients. I can coLunt on the fingers of my right hand those

 institutions where two or three of the subjects I mention were offered

 regullarly by the mcathelimcatics departments and none at all that gave all

 of themii. This deficiency was recognized so me five years ago at Brown,

 New Yorkl University, and the Massachlusetts Institute of Technology,

 which established som01e gracluate wrork in several fields that go by the

 namiie of applied matheinatics. Several other institutions are following

 their example, and I feel confident that before long this country will

 overcome this deficiency and will attain the same degree of preeminence

 in these fields that it has achieved in algebra, analysis, and geomletry.

 I amii mnaking these remarks not because I think that the matheimatician

 going into industrial work shlould have a special brand of training limited

 to what is called applied imatheimiatics; what I have ini mind is that

 training of all mathematics majors is essentially lopsided. How many

 of outi colleges offer to uiindergraduiates suclh im-atlheIliatics courses as

 thieoretical milechanics, potential theory, numiierical computation, an(I

 the like? To miiy miiincl a teacher of miiathelimcatics is just as deficient in

 his traiiiing if he has hlad no cointact with analytical mechanics as an

 industrial miiathemilatician withlout a course in the theory of functions.

 My plea is not for a specialized technical training, but for training

 that leaves no important gaps unfilled.

 In the timle I have at miy disposal I cani only mlenitioin the subject

 of nulimerical analysis rhich, with the introduction of high-speed elec-

 tronic and relay computers, is bound to leave a deep imIprint oII the

 development of all phases of miathiematics. This field of inathiematical

 computation, in iny opinion, shlould be placed in the to)p )riority group

 of offerings in our miiathiemiiatics departments.

 I think the industrial concerns would prefer to have meni with broad

 training, a rounder training, rather than employ specialists in various

 fields of applied miiathematics, because they recognize, imore keenly

 thai -we do, M'ichael Faraday's clictuml that there is inothlinig s!) p)rolific

 of utility as abstraction. This attitude is mirroredl pretty well bv otir

 stronger engineering colleges wiich, to mix a metaphor, keep their ears

 close to industrial ground and are revising their curricula in the direc-

 tion of broader training in theoretical subjects. The new generation
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of engineers is conscious of the advantages of an axiomatic approach to 
practical matters, and this is one of the reasons why we find in many 
of our graduate courses in mathematics more engineers and physicists 
than mathematics majors. 

It must be admitted that the mathematician, to the detrimient of 
mathematics as a whole, has done little to cultivate the new type of 
clientele, and tended to keep aloof from problems facing his non nmathe- 
matical colleagues. As a result we have a wasteful duplication and 
Frofusion of mathemiiatics courses offered by such departments as En- 
gineering, Physics, Economics, Psychology, Genetics, and so forth. 
Since the problem of providing suitable training in applied mathematics 
admittedly cannot be solved by non-specialists, many of our forward- 
looking institutions are appointing mathematicians as professors of 
engineering. It remains to be seen whether mathematicians would find 
the climate in other departments conducive to productive mathematical 
work, btut it must be admitted that this "back door" solution of the 
problem is better than no solution at all. It is high time that we got 
off the pedestal and reflected on what this means. 

Uiniversity of Ca/ifornic at Los Angeles. 

The Use of Mathematicians in the Aircraft 
Industry 

by WILLIAMI BOLLAY 

In order to describe the use of mathematicians in the aircraft in- 
dustry it is well to obtain a perspective of a typical modern aircraft 
comipany. About 20%o of the personnel is in engineering, the remaining 
80%0 are in the factory and business offices. Most of the engineering 
design of an airplane is carried out on the basis of previous experience. 
Thus, most of the structural and aerodynamic designs of wings, fuselages, 
powerplant installations, etc., is carried out on the basis of empirical 
rules and the application of relatively elementary engineering principles. 
Whenever the designer departs from previously established practice, 
he proceeds to test the componenit under development either full scale 
or on a model scale. Thus the designer ordinarily builds a wind-tunnel 
model of the complete airplane and by empirical modifications develops 
the stability, control, and performance characteristics which he desires. 

*Director, Aerophysics Laboratory, North American Aviation, Inc. 
(This paper was a part of the symposium mentioned in the previous article by 

Professor Sokolnikoff.-ED.) 
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Simnilarly the structulrail (lesignler builds miiodels or fuill scalc duplicates 
of wiiig panels, etc., which he tests unider the simiiulate(d loadilig colidi- 
tiions. Until a few years ago practically atll airl)lanes were desigined anid 
1)uilt in this mianner--relying largely uponl component test to verify the 
estiiatLes of the designer. This techniii(lue has oni the whole beein reimiark- 
ably successful. Recently, however, as airl)lane sp)eeds have l)ecome 
higher aind highieri at number of difficulties have airisen with this techlli(lue. 
F4irst of all it hias become extreIiiely expensive to carry out the extensive 
imio(lel tests. Ani elaborate wincd-tunnel miiodel for test in a higlh speed 
w%Nind-tutnnel maiily cost as liiuch as $100,000.00. Secondly this empirical 
p)rocess of trial aind error has ofteni fatiled to inidicate the funidamiental 
niature of the physical phenomena anld thus; imuch timlle and imioIney have 
been, wrasted in testing hunidrecds of miodels without learninig the general 
law s which w ould permit safe extrapolation in the future. 

Finally it has been fouInd that soImle of the prol)lems of thc airplane 
(lesigner *defy Imiodel testing. This is particularly true for high speed 
flight in the vricinity of the velocity of sound. Thus it has been found 
necessary to rely on ftull scale flight testinig for carrryinig oult thle final 
airplane devolopment. Tr1is is extreinely exl)ensive aiid hiazardous. In 
v iew of these difficulties the aircraft enlgiiiee iiing organiizations ilave 
recenltly fouL11(n it desirable to expamnd their research deparnients, nllid 
to latiiicih parallel analytical inv%Festigations on the imiore (lifficult )rol)- 
leins. It is larigely in connection. w%ith these ainalytical research investi- 
gations that the miatliheilmaticians have founid their principal application. 

The resealrchl sectioni is ordinarily a simiall )ercenltage of the enigini- 
eerinig department (ab)out 1007,%) aid(l onily about 5r/( of this sectionI areC 
mlatheincatici aiis. rhus anI engineeriing department of 2,000 enigin- 
cers may iiiclui aclbout 10 imlathelmiaticianis, abouit hallf of these havinig 
a Pli. D., the otlheirs hiavinig ani M. S. or eqtuivaleiit. Trhlis is about the 
r-atio in our company. I believe that mllost other comiipaniies if anything, 
have somevwhat siimaller percentages. 

Before explaining in detail the mathelmeatical problenis encounteredA 
i ni aeroiiatutical research, I shoul(d like to digr-ess anid poinit oUt that withiln 
the aircraft inidtustry, aeroinautical research is the principal Use of mllathe- 
miiaticiaans as mcathemnat cians. 'rhere are however, also other possibili- 
ties. Manyiv miathlematicianis hlave durinig the wN?car developed inito conmpe- 
tenit aeroiautitical eniginieers and(i havre worked oni all I)hases of airplane 
design, experimentally as well its aiialytically. rhis possibility is open 
to almiiost anyl yotIIug college gradLiat.e in imiatlhemliatics whio hia1s also a 
goodl basic traininig in physics. If the young mlathemi-laticiani with a 
BA or BS has little supplemenltary training in physics or engineering, 
he may find a position in the aircraft industry as a computer or super- 
visiing a group of coniputers; however, his possibilities for advancemiient 
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are limited. For he does not ordinarily know sufficient mathematics 
to be useful in solving problems of applied mathematics; nor does he 
know sufficient physics or engineering to make a competent engineer. 

The senior mathematician who wishes to engage in aeronautical 
research must have a good working knowledge of classical mathematics. 
It is very desirable that he have in addition a good working knlowledge 
of classical physics, particularly nlechanics, hydrodynamics and elec- 
tricity and magnetism. Unless the mathematician has this intimate 
working knowledge of physics he will not be able to set up and solve his 
own problems. For ordinarily the actual engineering problems encount- 
ered are too difficult to be capable of exact solution. It therefore requires 
a good physical insight into the problems to know what approximations 
are permissible in formulatinig the mathematical problem anld in carrying 
through its solutioi. 

The types of problems which have been and are being worked out 
very successfully by mathematicians together- with aeronautical engin- 
eers are as follows: 

(1) Flutter and vibration of airplanes, propellers, and engines, and 
analysis of servo systems. 

Required mathematics: 
(a) Solution of a system of linear d-ifferential equations wTith 

constant coefficients. 
(b) Matrix algebra. 
(c) Operational calculus and Laplace transforms. 
Desirable related background: 
(a) Aerodynamic theory of non-stationary forces on a vi- 

brating wing. 
(b) Soluttion of circuit equations in electrical net works. 

(2) Pressure distribution around airfoils. 
Required mathematics: 
(a) Conformal nmapping. 
Desirable related background: 
(a) Potential theory. 

(3) Lift distribution over wings. 
Required mathematics: 
(a) Solution of an integral equation by expansion of un- 

known into Fourier Series. 

(4) Supersonic aerodynamics. 
Required mathematics: 
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(a) Solution of partial differential equations by the method 
of characteristics. 

Desirable related background: 
(a) Knowledge of Theory of Sound including particularly 

solutions of the wave-equation. 

(5) Theory of elasticity. 
Required Mathematics: 
(a) Solution of ordinary and partial differential equations. 

(6) Heat Transfer. 
Required mathematics: 
(a) Solution of the potential and heat conduction equations. 

These examples may illustrate the mathematical problems encountered 
in aeronautical research. 

Another point which may be of general interest is the wage and 
salary level in the aircraft industry. The general salary structure in 
the aircraft industry was established by the U. S. Treasury Department 
during the war when most aircraft companies worked on government 
contracts. In general the salaries are similar to those paid in the Civil 
Service. Thus, for example, the following categories would be likely to 
apply to mathematicians.: 

Job Salary Mfinimunm General 
Description Range Experience Required Background 

Mathematician B $1.20-1.40 Normally 2 years training 
per hour in advanced college math 

Mathematician A $1.40-1.65 4 years training and experi- 
per hour ence including 3 years col- 

lege imiath 

Research Analyst B $ 1.35-1.55 4 years training and experi- 
per hour ence including 4 years col- I 

lege or equivalent I 

Research Analyst A $305.-435. 6 years traininlg and experi- MS or MA 
per imioiith ence inclucding 4 years col- 

lege 

Research Eniginieer $430.-6tO. 8 years traininig auicl experi-i 
per monith ence includinig 4 years col- ~---MS or Ph.D. 

lege J 

In conclusion I should like to summarize my report as follows: 

(1) There are excellent opportunities now in the aircraft industry 
for a few mathematicians with experience in classical mathe- 
matics and physics and an interest in their applications. 
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If the new mechanical and electrical computing devices come 
up to their expectations, the aircraft industry will undoubtedly 
offer even further opportunities to skilled mathematicians 
familiar with the use of these devices. For present day air- 
craft and missile testing is becoming so expensive that the in- 
dustry will quickly take advantage of any savings by the use 
of these computing devices. 

PROBLEMS AND QUESTIONS 
Edited by 

C. G. JAEGFR aiidl H. J. HAMILTON 

This departmaeint will submit to its readers, for solution, problems 
which seem to be new, and subject-matter questions of all sorts for readers 
to answer or discuss, questions that may arise in study, research or in 
extra-academic applications. 

Contributions will be published with or wN ithout the proposer's signa- 
ture, according to the author's instructions. 

Although no solutions or answers Nwill normiially be publishecl with 
the offerings, they should be sent to the editors when kniown. 

Send all proposals for this department to the Departmenit of Mafthe- 
mlatics, Pomlonia College, Claremont, California. 

SOL UTIONS 

Following are the solutions to a few problems that were submitted 
to the former National M\iathematics Mlagazine. The numbers are 
those under which the problems originally appeared: 

No. 610. Proposed by Cleon C. Richtmeyer, Cenitral AMichigan College, 
MViount Pleasant, .lMichigan. 

Construct the largest possible regular hlexagon that canl be cut otit 
of a given square ABCD of side a, alnd comlNpuite the lenlgth of its side. 

Solution by the Proposer. 

The lines EH, GJ passing through the mid-point 0 of the diagonal 
A C and making angles of 60? with AC meet the sides AB, AD, DC, CB 
in the vertices E, G, H, J of the required hexagon EFGHIJ, the vertices 
F, I lying on the diagonal AG. 

That the hexagon obtained is the largest possible may be seen as 
follows. If the hexagon is rotated to the right its diagonal GJ will 
decrease, while if it is rotated to the left the diagonal EH will decrease. 
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In the triangle AEF the angles opposite thie si(les AE aiicl EF= s 
are 120? and 45?, lience, b)v the law of sines, 

AE : E31=s :21 ; 

from the isosceles riglit trianigle EBJ we have EB = sl2l, liene, addling, 

D H~~~~ 

s =a.2Va 3l/(l3 + 1) = a (6)1--2D) /2. 

It may also be observed that AE: EB = 31. 
The problem arose in a class in Appliedc Mathematics. 
Also solved by Howard Eves wh1o observes that if it is not re(luire(1 

that the hexagon shall be in one piece, the given square can b)e cut u1p 
into pieces which can be asseml)ledl into a hexagon, in wlhich case 

S2= 2a '/9. 

No. 613. Proposed by V. Tihebault, Tennie, Sartlhe, Franice. 

In an isosceles tetrahe(droni the three lines joining the center of an 
escribed sphere to the vertices of the corresponcling face are mnuttually 
perpendicular; and coniversely. 

Solution by Howard Eves, College of Puget Souncl. 

Nunmbers in brackets refer to articles in N. A. Court-'s MHodern Puire 
Solid Geometry. 
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Direct Theorem. Suppose the tetrahedron ABCD is isosceles. Let 
E be the excenter opposite vertex A, and let B', C', D' be the midpoints 
of the edges CD, DB, BC respectively. Now AE is a diameter of the 
circumsphere of ABCD (313) and therefore is also a median of ABCD 
(298). Therefore AE, BB', CC', DD' are concurrent and trisect each 
other. It follows that tetrahedron EB'C'D is homothetic with tetrahe- 
dron ABCD, and is thus also isosceles. Therefore EB'= C'D'= -CD 
and C CED=90?. Similarly -CDEB,= ABEC=90. 

Otherzvise. Let E, F, G, H be the centers of the escribed spheres of 
ABCD corresponding to the vertices A, B, C, D respectively. (An 
isosceles tetrahedron possesses four trunc but no roof escribed spheres 
(252). Then EFGH is the twin tetrahedron of ABCD (312). Therefore, 
the trihedral angles E-BCD, F-CDA, G-DAB, H-ABC are tri- 
rectangular (291). 

Converse Thtorem,. Conversely suppose QfCED = 2DEB = gBEC 
=- 90. Then EB' = 2CD = C'D', etc., and EB'C'D' is isosceles. 

Let I be the incenter- of ABCD and O' the circumcenter of 
EBCD. Then plane ICD is perpendicular to plane ECD (since these 
planes bisect clihedral angle A -CD -B). Noxv O'B' is perpendicular 
to face ECD (for B' is the circumncenter of this face), and therefore 
O'B' lies in plaiie ICD. Similarly O'C' and O'D' lie in planes IDB 
and IBC respectively. This guarantees that O' coincides with I. But 
O'E is a miedian of EBCD (287). That is, AIE passes through the cen- 
troid 11 of face BCD. 

Take A' on IE such that LVA'=2EM1. Thenl A'E, BB', 
CC', DD' are concurrent at M and trisect each other there. 
Therefore A'BCD is honmothetic with EB'C'D', and is thus isosceles. 
Let E' be the excenter of A'BCD opposite vertex A'. Then, by the 
direct theorem, E'-BCD is trirectangular. Therefore E' coincides 
with E (for there is only one trirectangular tetrahedron having a given 
base BCD and having its vertex on a given side of this base), and planes 
ABC and A'BC, then, must coincide, each being the plane other than 
BCD through the eclge BC and tangent to the sphere having center E 
and radius equal to the distance of E from face BCD. Hence A and A' 
coincide, and ABCD is isosceles. 

The converse proposition may be stated as follows. If a face of a 
tetrahedron (T) and the corresponding excenter are the base and the 
vertex of a trirectangular tetrahedron, the samne holds for the other 
faces of (T), and (T) is isosceles. 

L. M. Kelly, U. S. Coast Guard Acadlemy, proved th e direct theorem 
by observing that the external bisecting planes of the dihedral angles of 
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an isosceles tetr'-aheC(roin 7' are parallel to the respecLively opposite ed(ges 
(thiis is an immiilediate conisequlellce of art. 300 of Modern Putre Solid 
Geom7etry), hence these l)isecting p)lanes formii thle parallelej)iped (P) cir- 
cuLm1scribed about (7), anid (P) is rectanigullar (ibid. art. 291). 

No. 620. Proposed by Edmnund Churchill, Rtt ger-s University. 

Establish the conv-ergence or divergence of the har lm-oniic series 
miiodlified by (a) thle omiiissioin of all teriiis whose denomirnators (lo n1ot 
begin with t he (ligit 9; (b) the oniiissioii of -all termiis in wN?hose (leIIoiiii- 
nators the digit 9 appears. 

I. Solution by B. P. Gill, College of the Cjt%y of New York. 

ThrEe series in (a) (ive!:rges becaulSe the 1utl. of the block of I 0k termiis 
fromii 1/(9 10) to l/(lOe:fl_ 1) excee(ds 10k/10Atl= 1/10 for 
k=0,1,2,.-. 

For two proofs of the convergence of the series in (b) see Polya 
and1 Sizego, A uJlaben utnid Lehrsaize auis (ier A nalysis, v'ol. I, Abschn. 1, 
LosIlg 124, s. 1.76. Referenice is thlere, made to A. J. Kenipner, Aimeri- 
c(lal M(.atIeina7tira(li M1ont/hly, 2.1, 19)14. 

IL. Solution l)y thle Proposer. 

I n series (1)), let Sit be the sum1ii of the reciprocals of all k.digit numi.- 
bers i n which the digit 9 dloes niot appear. [here are 8 - 9`1 suich numlLi1- 
bers. H1ence there are S. 9k-1 termns in S. No term of Sk exceeds ./IO'-' 
and therefore Sk<8. 9k-1/1 0k-1. rhiius wNe mlay write 

o coa 

ES 5< 8 E (9/10)k- 1. 
k=1 k=1 

Since the right member is a convergent geomlICtr'ic prIogressionl, the 

convergence of (b) is established. 

The termils omiiitted froml the lharmiionic series accor(ding to (b) miiust 
themiiselves tlerefore form a divergent series; i. c. the harmiioniic ser-iCs 
miiodified by the omiiission of all ter-ms in w hose denomianators the digit 9 
doesi not appear is divergent. B3tt niow, series (a), conltaining all the 
termis just mlentiioned a;nd miianiy miiore, is clearly divergenit. 

See Frank Irwiin, A Cutriouts Conzvergen1t Series, Amlericani MIatlhe- 
matical Molonthly, 1916, ppl 1-4,9-152. Note thalt the cntire hlarmioniic 
series written in the scale of 9 hlas precisely the samie appearance as (b), 
the divergence or convergence depending UpoIn the interpretation of 
the symbols. 

http://www.jstor.org/page/info/about/policies/terms.jsp


PROBEI31NIS QUNI) ESTIONS 113 

No. 622. Proposed by V. l'J'Iebautlt, Tennic, SartheC, France. 

Form a squIlare of eight digits whiclh is transformied into a second(l 
Lsqare uIponi inicreasing by unlity the seconid digit from-I the left. 

Solutioln by Henry E. Fettis, Daytoni, Olio. 

Let y be al nUmber stuclh that its square is a number of eighlt digits 
differinig by 106 fromi the sqIusare of a second niumiber, x. Then 

lO,OOO<y <:3,162 
and X2 - ; 2 = 106 or 

(x:+y)(x.-y) = 1O1. 

Choosing v-arious comllibinations of the prilie factors of 10 6 as possiblc 
v-alues foIr x+y aiid x-y, it is fouind that oiilv thiree combiiiations yield 
Va1l1u1(S of y betweeCn1 10,000 anid 3,162. They are 

x+y = 51 2' 1 = 5050 X2 = 25,502,500 
x-y=52'22 y= 4950 y'=24,502,500 
x+ yo=55 22 x = 6290 32.=$9,564,100 
A-y-= 5*2 y=t6210 y2,= 38,564, 1 00 
x+Y.-= 53 !f2 x = 10025 2 = 100,500,625 

x'-) 3?= 52 2 y = 9975 ;-' = 99,50O, 62;5). 

Thle last. of these sal isfies tlhe iumathemna tically e(qtuivalent, colnditiolls 
of the problemh, b)ut it is inot a soltution in the strict senise, since the first 
two digits of y2 iiiuist be considered rather thialii teiC seconid( froimi thc 

left, as stated in the proposal. 

Also solved by .L . Chernlofsky, C. S. Larkey, E. 1). Schell, P. A. 
PIiza, aniid tlie Proposer. 

MATHEMATICAL MISCELLANY 
Edited by 

MARIAN E. STARK 

Let us kiiow (briefly) of unusual and successful programs IpUt o01 by 
your Mathemiiatics Club, of new uses of mathematics, of famiious problemiis 
soloed, and so oni. Brief letters conicerninig the MATHIEMA.ATICS MAGAZINE 
or concerninig othe' "'matters mathematical" will be welcome. Address: 
MARIAN E. S1ARK, Wellesley College, Wellesley 81, Mlass. 

Brief cominents from1i Ceme.ritus professors oii "what to retire to" 
would be of interest to readers. We all get there eventuLally if we live 
long enougi. 'rell us a few miiathemiatical hobbies. Help us to look 
forwrard to soiithibng fasciinatinig after "age 65". 
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What college or university in this country has the mnost students in 
mathematics at present? Send in within the next mnonth the number 
at your institution for 1946-1947. The editor of this departmnent 
hereby offers a Valuable Pj-ize to the winner. 

"A Manual of Operation for the Automrlatic SeqLuence Controlled 
Calculator", wiritten by the Staff of the Computatioln Laboratory at 
Harvard, contains (in Chapter I) a history of digital calculators, (in 
Chapter II) a description of the Calculator, and a bibliography of com- 
puting methods and computing machines. 

T. L. Smith, a form-ner editor of this magazine, has resigned fromi. 
Carnegie Institute of Technology and will remain with the Supersonic 
Wind Tunnels at Aberdeen Proving Grounids, as Chief Engineer. 

The attelntion of the editor has been called to an Old-Babylonian 
tablet (1900-1600 B. C.), described on p. 38 of Ml/athematical Cuneiform 
Texts, 0. E. Neugebauer and A. J. Sachs, New Haven, 1945. It is 
concerned with Pythagorean numbers and is "the oldest preserved 
docum.ent in ancient number theory." There one finds values of the 
hypotenuse and the shorter leg for fifteen Pythagorean triangles. It is 
noted that the ratio of the hypotenuse to the longer leg "decreases 
almost linearly" in this set of triangles. The suggestion is made that 
the wTord "Pythagoreanl" in this connection- luigbt better be replaced 
by " Babylonian". The tablet "gives the final link which connects the 
different parts of Old-Babylonlian mlrathem-atics by the investigation of 
the fundamental laws of the numbers themiselves. 

"Ralph H. Beard, of the Newv York Telephone Conmpany, was an- 
nounced, on January 27th, as recipient of the 1.947 Award of the Duo- 
decim-.al Society of America, an award made ann-ually for outstanding 
service to m.athematical research with special relation to the duodeciinal 
number system. 

Mr. Beard is Editor of The Duodecimal Bulletin and has published 
a number of, articles in the field of duodecinmal 1mi.athemlatics, among 
which is his 'The Do-Metric System.' This is a proposal for a unified 
system of weights and measures bearing close relation to the systems 
now in use but co-ordinated on the dozen base. Mr. Beard points out 
that proponents of the French miietric system would scrap our English 
weights and measures, wThich have many advantages of divisibility, 
convenience, and long usage, in favor of an arbitrary system based 
uponl counting by tenls, wlhich has poor divisibility and cannot satis- 
factorily handle the circle. His systemi he claims, would retain the 
practical advantages of our present units, and add all the conversion 
advantages of a unified system through basing its units on counting by 
dozens. " 

Newv York. THE DUODECIMAI SOCIETY OF AMIERICA. 
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 We L. HART'S ALGEBRAS
 BRIEF COLLEGE ALGEBRA, REV.

 Written for the well-prepared student who needs at most only
 a relatively brief review of intermediate algebra and who de-
 serves the opportunity to reach the interesting parts of college
 algebra quickly. Presents a concise but logically complete re-
 view, followed by a normal leisurely treatment of all usual
 topics of college algebra.

 INTRODUCTION TO COLLEGE ALGEBRA, REV.

 Contains a complete mature presentation of intermediate
 algebra, followed by a minirmum treatment of the most essen-
 tial chapters of college algebra through the stage of determinants
 and probability.

 COLLEGE ALGEBRA, THIRD EDITION
 Presents a comprehensive treatment of the usual content of
 college algebra, plus various supplementary topics, preceded by
 a complete presentation of intermediate algebra.

 D. C. HEATH AND COMPANY
 Boston New York Chicago Atlanta San Francisco Dallas London

 Analytic Geometry
 By PAUL R. RIDER

 Written in an exceptionally clear manner and in easily understood language, this
 text for first courses in analytic geometry makes the student aware of the prac-
 tical applications of the methods and curves he is studying, without permitting
 him to lose sight of their theoretical aspects, and without any sacrifice of sound
 mathematical treatment. The book contains a generous supply of carefully

 chosen exercises, of all types and of all grades of difficulty. $3.25.

 Tables of Integrals and Other
 Mathematical Data

 Revised Edition By HERBERT B. DWIGHT
 This primary reference for courses in calculus and differential equations con-
 tains a large number of ra tional and irrational algebraic functions, and also of
 trigonometric, exponeintial, loga-rithmic, hyperbolic, elliptic, and Bessel functions.
 In the revised edition the Bessel funlction of the secoind kind is dealt with more
 fully, and a table of nlumerical values of the Normal Probability Integral has been
 a!dded. $2.50.

 Elements of Symbolic Logic
 By HANS REICHENBACH

 This book begiins with a general exposition of the problems of logic and lainguage,
 and then takes up the calculus of propositions, for which the truth table method
 is used. It then turns to the calculus of functions, for which the truth table
 method is developed. Further chapters deal with the calculus of classes, of higher
 functions, and conversational language. $5.00.

 The Macmmillan Company
 60 Fifth Avenue * New York 11



 C ALC UL US
 By LYMIAN M. KELLS, U. S. Navcal Academny

 "Dry" symbols are given real meaning and power in this refreshingly

 written text. Every theorem, rule, and technique is presented with extraor-

 dinary directness and simplicity. Note these other conspicuous feattires:

 * Makes fullest use of review as an aid to 1karning.

 * "Picture" method of illustration greatly clarif'ies theory.

 * 1,725 exercises, 322 illustrations.

 * Derivatives, differentials, definite integrals skilfully handled.

 * Problems tranlsform symbols into tangibles.

 "I am impressed with the clear typography and the up-to-date applications.
 The material is complete and sufficiently rigorous for a first course."-
 PROFESSOR A. L. STARRETT, Geor gia School of Technology.

 6x9 INCHES, 511 PAGES

 PLANE
 TRIGONOMETRY

 Revised Edition

 By FRED W. SPARKS, Texas Tech.

 College, and PAUL K. REES,

 Louisiana State University

 This revision is the fruit of ten

 years' experience with the original

 text, which was eminently success-

 ful in presenting an uninterrupted

 sequence of topics. Here is complete

 material for a one-semester course,

 including:

 * 1389 problems, all new.

 * Over 40 newly-drawn figures to
 clarify basic principles.

 * Graphs of trigonnomnetric func-
 tions and graphing by composi-
 tion of ordinates.

 6x9 INCHES, 255 PAGES

 COLLEGE
 ALGEBRA

 By HAROLD THAYER DAVIS,

 Northwestern University

 Ample cultural background to main-

 tain student interest, approximately

 3000 problems to permit tailoring as-

 signments that exactly fit class

 needs, plus an unusual introduction

 to statistics, are features of this well-

 liked text.

 6x9 INCHES, 470 PAGES

 Send for your examination copies

 Prentice-Hall, Inc.
 70 Fifth Avenue New York 11



 Check List of Important McGraw-Hill Books

 The Theory of Functions of
 Real Variables

 By LAWRENCE M. GRAVES, The
 University olf Chicago. 321
 pages, $4.00

 College Algebra

 By A. ADRIAN ALBERT, The Unli-
 versity of Chicago. 278 pages,
 $2.75

 Differential and Integral
 Calculus

 By Ross R. MIDDLEMISS, Wash-
 ington University. Second edi-
 tion. 497 pages, $3.50

 Analytic Geometry

 By Ross R. MIDDLEMIss. 306
 pages, $2.75

 Mathematical Theory of
 Elasticity

 By I. S. SOKOLNIKOFF, University
 of California at Los Angeles.
 373 pages, $4.50

 Higher Mathematics for
 Engineers and Physicists

 By I. S. SOKOLNIKOFF and E. S.
 SOKOLNIKOFF. Seconid edition.
 587 pages, $5.00

 Applied Mathematics for
 Engineers and Physicists

 By Louis A. PIPES, formerly of
 Harvarcl University. 618 pages,
 $5.50

 Plane Trigonometry

 By E. RICHARD HEINEMAN,
 Texas Technological College.
 253 pages, $2.00. With tables,
 $2.50. Tables alone, 90 /

 Algebra. A Second Course

 By R. ORIN CORNETT, Oklahoma
 Baptist University. 313 pages,
 $2.20

 Rudimentary Mathematics for
 Economists and Statisticians

 By W. L. CRUM and JOSEPH A.
 SCIIUMPETER, Harvard Univer-
 sity. 203 pages, $2.50

 College Algebra

 By PAUL K. REES, Southwestern
 Louisiana Institute, and FRED W.
 SPARKS, Texas Technological
 College. Second edition. 403
 pages, $2.75

 The Development of
 Mathematics

 By E. T. BELL, California Insti-
 tute of Technology. Second edi-
 tion. 637 pages, $5.00

 SEND FOR COPIES ON APPROVAL

 McGRAW-HILL BOOK COMPANY, Inc.

 1 330 West 42nd Street New York 18, N. Y.



 IVew
 SCARBOROUGH-WAGNER

 Fundamentals of Statistics
 By J. B. SCARBOROUGH, U. S. Naval Academy,

 and R. W. WAGNER, Oberlin College

 This new book covers the more general applications of statistics for the
 lower college level. It presents clearly and concisely the fundamental prin-
 ciples and techniques of statistical analysis, together with some of the more
 important ideas and methods of elementary mathematical statistics. A
 direct, up-to-date treatment with all statements proved mathematically.
 Excellent selection of topics. Splendid illustrative examples. Numerous
 problems. Scheduled for fall publication.

 Boston 17 New York 11 GINN AND COMPANY

 Chicago 16 Atlanta 3 Dallas 1 Columbus 16 San Francisco 3 Toronto 5



 OUR CONTRIBUTORS

 Eric Temple Bell, Prof. of Math., Cal. Tech., was born in Aberdeen, Scotland, in
 1883. Educated at U. of London, Stanford (A. B. 04), Washington (A. M. 08) and
 Columbia (Ph.D. 12), he joined Washington's faculty and remained there until 1927
 when he was appointed to his present position. A prominent figure in mathematical
 circles for many years, Dr. Bell has received many honors, including the Bocher prize
 (24) and election to the National Acad. of Sci., for his researches in number theory.
 He has served as Pres., Math. Assn. and Vice Pres., A. M. S. and of Sec. A, A. A. A. S.
 Widely known as an author, he has written over twenty books, ranging from adven-
 ture stories to "Algebraic Arithmetic". A recent book, "The Magic of Numbers"
 will be reviewed in a forthcoming issue of this magazine.

 J. Kampe de Feriet, Prof. at U. of Lille (Fr.), Hon. Dir., Inst. of Fluid Dynamics,
 was born in Paris in 1983. After studying at the Sorbonne (Doct. es Sci. 15) he was
 appointed Maitre des conferences (19) and Prof. (30) at'Lille. Honorary member-
 ships include Assoc. Fellow, R. A. S. (London) and Fellow, Inst. Aero. Sci. (N. Y.).
 His chief mathematical interests are fluid mechanics, statistical mechanics, mathe-
 matical statistics. Professor de Feriet has made several visits to the U. S. A. and
 recently returned to France after lecturing at Brown, Cal. Tech., Harvard and Michi-
 gan.

 Aristotle D. Michat, Professor of Mathematics, California Institute of Technolo-
 gy, was born in Smyrna, Asia Minor in 1899, of Greek parents, and came to the United
 States at the age of twelve. He attended Clark University, (A. B., 1920; A. M., 1921)
 and then did additional graduate work at Rice Institute, where he received the degree
 of Ph.D. in 1924. After teaching at Rice Institute, Dr. Michal was awarded a National
 Research Fellowship for a two year period, spent at Chicago, Harvard and Princeton.
 His next position was an assistant professorship at Ohio State. In 1929 Professor
 Michal joined the faculty of the California Institute.

 Dr. Michal has served on the Council of the American Mathematical Society and
 also as Associate Secretary of the Society. He has contributed many research papers
 to U. S. and foreign mathematical journals on subjects ranging from differential geome-
 try to functional analysis and topological groups. In recent years he has also become
 interested in applied mathematics and is the author of a recent book, "Matrix and
 Tensor Calculus with Applications to Elasticity and Aeronautics. "

 Pedro A. Piza was born in Arecibo, P. R. in 1896. He attended the U. of Michi-
 gan and M. I. T. and returned to Puerto Rico in 1919, where he has been in business
 ever since. An amateur mathematician, mostly self taught, his special interests are
 number theory and geometry. Publications include articles in various periodicals
 and a book, "Fermagoric Triangles". Other hobbies are astronomy and philately.

 John Pettit is a student at U. C. L. A.

 Ivan S. Sokolnikoff, Prof. of Math., U. C. L. A., was born in Chernigov, Russia.
 in 1901. After attending the U. of Idaho (B. S. 26) and Wisconsin (Ph.D. 30) he joined
 Wisconsin's faculty, becoming Prof. of Math. in 1941, and came to U. C. L. A. in 1946.
 His chief interests lie in applied mathematics, especially elasticity theory. During
 the war he served in several U. S. research agencies (N. D. R. C., 0. S. R. D., Hq.
 A. A. F.) as a consultant, official investigator, etc. Author of four books and contri-
 butor to various research journals, Dr. Sokolnikoff is also editor of the Quarterly Journal
 of Applied Mathematics and of a new series of books to be published by Wiley.

 William Bollay, Dir. Aerophys. Lab., North Am. Aviation, Inc., was born in
 Stuttgart, Germany in 1911. He attended Northwestern (B. S. 33) and Cal. Tech.
 (M. S. 34, Ph.D. 36). After teaching aeronautics and applied mechanics at Cal. Tech,
 (36-37) and Harvard (37-41) Dr. Bollay served as a naval reserve officer in charge of
 research and development of gas turbines and jet propulsion engines. He rose in rank
 from ensign to commander. After the war he came to North American where he is
 directing guided missile research.
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